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PEBPAOE. 



An experience of more tlian twenty-five years, in teach- 
ing large classes in the U. 8. Military Academy, has 
aft'orded the Author of the following pages unnsual oppor- 
tunities to become familiar with the difficulties encoun- 
tered by most pupils, in the study of the Differential and 
Integral Calculus. 

The results of previous endeavors to remove these 
difficulties, were given to the Public in former editions. 
Prepared, as these editions were, solely as aids to him- 
self, in the instruction of his own pupils, he is gi-atified to 
know that they have proved acceptable to many other 
teachers, and that he has thus aided in extending a 
knowledge of this important branch of Mathematics, now 
absolutely necessary to thorough analytical reseai-ch in 
the higher branches of Physical Science. 

These editions have been carefully revised, and such 
changes introduced in the arrangement of the matter, and 
in the modes of demonstration, as the Author's prolonged 
experience has shown to be improvements. Such new 
matter has also been added, as he deems necessary to the 
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perfection of the work as an elementary textrbook, for 
tliose who will be Batisfied with nothing short of a thor- 
ough knowledge of the subject. 

Tlie pains which have been taken to secure accuracy in 
the algebraic work and in the language of the t^xt, and a 
clear and neat typography, will, it is hoped, render the 
present edition acceptable alike to teachers and pnpils. 

U, S. MiuTABT AcADtJir, 
Wat Foot, Jf. r., January 1, 1861. 
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PART I. 



DIFFERENTIAL CALCULUS. 



Definition ahd CLAeaiFiOATioiT of Fukotionb. 

L In tie b an h f Math n t 1 ere treated, as in Analytical 
Geometry, tw I 1 t qu nt t are considered, viz., variables 
and constanl the f m adm tt ng of an infinite number of 
values in th ame al^, b a p on, while the latter admit of 
but one. Tb a LI a n ally designated by tbe last, and 
the constants by tbe first letters of tbe alpbabet. 

2, One variable quantity is a function of anotber, wben it is so 
connected with it, tbat any change of value in tbe latter neces- 
sarily produces a corresponding cbange in tbe former. Tbua in 
tbe expressions 



M ia a function of x, and x is also a function of u. Likewise, tbe 
expresaions 

are functions of y, and in each case y is a function of the expres- 
sion. One of these variables is usually called the function, and 
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2 DIFFEKENTIAL CAT-CTTI.nS. 

the ofiiei the independent vaiiabk, or simpU Me tar! able ; since 
to one, any arbitrtry vtlues ma} be aisijmd and from the con- 
nection between the two the corres] on Jing ^-ilues of the other 
dedictd 

This reiition is ejiprfs'.el gcmrallj thus, 



= / (^). 



: ^ (r), 



t{u.)-- 



0. 



/ and 9 being mere sj niboi'', mdicit i g thit u la i function of x. 
The first two expreswoiis arc read « a tuaction of x, or « equal 
to a fuTiLtion of x , and the third, a function of u and x equal to 
zero The resuh, obtained bj assigning a particular value to the 
variable, is called a stati, or vilui ot thi. function, and each func- 
tion has an infinite numbei of suth BtdtLS Ihus, if wo have the 
function 

(. ~ xy, 

are states of the function corresponding to the particular valuea 
oix, 

0, o, 2 o, 3 a, &c. 



3. Functions are Increasing and Decreasing : 
Increasing, when they are increased if the variable 
or decreased if the variable bo decreased ; Decreasing when they 
are decreased if the variable be increased, or increased if the vari- 
able bo decreased. In the expressions 

V, is an increasing function of x. In the expressions 
y = -. y = {a^x), 

J function of x. In tlie expression 

> = {•- ?)•, 
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CALCTILUS. d 

f function for all values of y less than a, but in- 
creasing for all values greater than a. 

4. Functions are also Explidt and Implicit : 

Sxphni, when the value of tlie function is directly expressed in 
termi of the lari^ible: Implicit, when this value is not directly 
e\piessed In the exitmples 



» = (" - »)', , = v.- - ^•, 

u and y are explicit functions of x. In the examples 

au^ -^ bx — ex', y" =; a' — x\ 

««' + bx -- ex' = 0, y' + x' — a' = 0, 

tiey arc implicit functions of a'. 

Th^ relation between an implicit function and its variable may 
be expressed, either by a single equation, as above, or by two or 
more equations, as 

M = aj/\ y' ~ hx, 

in whicb m is an implicit function of x. The first relation is in- 
dicated generally by 

/ («, ') = 0, 

and the other thus. 

w = f {y), y ^ 1? (a;). 

5. Fnnctions are also Algebraic and Transcendental: 

Algebraic, when the relation between the function and variable 

can be expressed by the ordinary operations of Algebra, that is, 

by addition, subtraction, multiplication, division, the formation of 

powers denoted by constant exponents, and the extraction of roots 
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4 DrFFKEtEN'nAL CAICULUS. 

indicated by constant indices : Transcendental, wLen this relation 
cannot be so expressed. In the exampiea 

« is a transcendental function of x. If tho variable enter tbe ex- 
ponent, the function is called Ex^anenlial. The logarithm of a 
variable expression is a Logarilhrnic function. In the exprossioiia 



a Circular function. 



6, Functions are often mixed, being formed by the tvnion of 
different kinds of simple functions, as in the expressions 



log 1 



7. Functions are also Continuous or Discontinuous : 
Continuous, ■when every state obtained by substituting vshics 

of the variable between the least and greatest which give real 
values of the function, is resJ : I>iac(mtinuous, when any of sadi 
states are imaginaiy. 
In the expressions 

y in the first is cootinnous, in the second discontinuous ; as in 
the one all values of x between — a and + a give teal, while 
in the other tliey give imaginary values for y. 

8. A quantity is a function of two or more independent van 
ables, when it is so connected witK them that it will change ii 
either variable be cbanged, as in the examples 
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. CAi.c0Ltrs, 5 

n =: Oil;' ■\- hy, z ■=■ axij'' — ux*, 

<3e!ioted ill general tlius, 

If in a function of a single variable, the latter lie made equal to 
zero, the function reduces to a constant, as in the examples - 

if y = 0, we li3(-e M =: ; if a: = 0, u = c. 

If in a function of two or moio variables any one be made 
equal to zero, all the terms containing it will disappear, and the 
result will be entireli/ independent of this variable, as in the ex- 
ample 

« = a^ + %* + cz' + d, 

2 = gives 

n ^ a^ + h' + d =f (.V, y) ; 
z ^ and y := give 

u = a^ + d =f {x). 

If all the variables he made equal to zero, the result will be 
constant, as in the same example, 

s := 0, y =^ 0, and « = 0, give 

u = d = a. constant. 

Likewise, when the variable which is made equal to zero is a 
factor of all the terms containing any of the others, as in the ex- 
ample 

M = c + axhj + &gy' = / {x, y, z), 

y = gives 
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Definition and Pkopeeties of the Diffeeentlal and 
Differential Coeffjcient. 

9. To explain what is meant by iJte differential of a quantity or 
function, let us take the simple expression 



in which M is a function of x. Suppose .r to be increaaetl by 
another variable k ; the original function then becomes a {x -^ A/; 
calling this new state of the function u', we have 

u' ^ a {x + hy = ax'' + 2axh + ok\ 

From this, subtracting equation (1), membiir from member, we 

u' — u = 2mA + aV (2), 

Tlie second member of this equation is the diifereuce between 
the primitive antl now state of the function ax^, while k is the dif- 
ference between tlie two corresponding states of the independent 
variable x. As A is entirely arbitrary, an infinite Eiiiuber of 
values may be assigned to it Let one of these values, vihich h to 
remain the same, while x is independent, be denoted by dx, and 
called differential of x, to distinguish it from all other values of li. 
This particular value being substituted in equation (2), gives for 
the corresponding difference between the two states oiu, or ax'', 

V.' - V. = 2ax.dx + a (d^y. 

Now, the fimt term of this particular difference is called the 
differential of u, and is written 



The coefficient (2ax) of the diffm-ential of x, in this expi'ession, is 
called the differential coefficient of the function w, and is evidently 
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DIFFiSEENTIAL CALOCLUB. 



obtained by dividing tlxe differential of tlio function by the differ- 
ential of the variable, and is in general written 



Resuming the expression 

u', — u = 2axh + ah\ 
and dividing by 7i, we have 

- — = — = 2ax 4- alt. 
k 

In the first member of this equation, tlie denominator is the 
variable increment of the variable x, and the numerator the cor- 
responding increment of the function a ; the second member is 
then the value of the ratio of these two increments. As A is 
diminished, this value diminishes and becomes nearer and nearer 
equal to 2 as, and finally when A — 0, it becomes equal to 2 or, 
Fi'om this we see, thfjt as these increments decrease, their ratio 
approaches nearer and nearer to the expression 2a^, and that by 
givmg to /( very small values, this ratio may bo made to differ 
fi'om 2(tc, by as small a quantity as we please. This expression 
is then properly, the hmil of this ratio, and is at once obtained 
from the value of the ratio, by making the increment k ^= 0. It 
will also be seen that this limit is precisely Ike iame expression as 
the one which we have called the differential coefficient of the 
function u. 

What appears in this particular example vt general, for let 

« = / (:.), 
u being any function of v, and let x be increased ly A, then 

.' = /(! + i). 

Suppose f {x + h) to be developed, and arranged according to 
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DIFFEKENTJAL CALCCLCB. 

powers of h, and «t to be subtracted from botli 
then have 

w' — M = PA + Q/i' + RA' + &c (3), 

P, Q E Ic he of ct onb f j- ni e ory tern ot the b cc d 
memler conta g ft be a be — m tt red c to he 
A =: Subst tut ng for / the part cuUr viliie } ani tak n^ 
the^rsf <«■«. for the d fferent al of ivi. ha e 

du, = Vdx, and — = P. 

Dividing both members of equation (3) by h, we have 

" ~ " = P + Q/i + Eft' +, &c (4). 

Obtaining the limit of this ratio by mating A = 0, and denoting 
it by L, we have 

L = P, 

the samB value found above for -r-; hence, the di/ermliai co- 
efficient of a function is always equal to the limit of the ratio of 
the increment of the variable to tlie corresponding increment of the 
function, 

10. The differential of a function of a siigle variable may then 
be thus defined. If the variable be increiwied Sy a particular val- 
ue, called the differential of the variable, and the difference be- 
tween the new and primitive states of the function be developed 
according to the ascending powers of the increment; that term oj 
this difference -which contains tlie Jlrst potoer of the increment is the 
differential of the function. 

It will in gonoral be found most convenient to obtain first the 
differential coefBcient, for which we have the following rule : 
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Give to the variable » vaviable increme/it, find the correipondimf 
stale of the function, from which subtract the primitive itale, divide 
the remainder by the increment, obtain the limit of this ratio by 
making the increment equal to zero, the result will be the diiferen 
tial coefficient : This, multiplied by thi, diifereutial of tho *aiia 
ble, will give the differential of the ftin^'tion 

The object of tlie Differential Cal ulus is, to explain tho mod 
of obtaining and applying the differentials of funi-tions 



II. Let the preceding principles be illu^ti'ited L\ the folbwing 



]. Let u = hx\ 

For X substitute x + h, then, 

u' = h {x + hy = hx^ + 36zVi + 36,t;i' + hh\ 
u' ~~ u = Zbx^h + Shxh'' + bh'; 

" 7 " — ^bx'' + 3bxh + */i'; 
h 

passing to the limit, and denoting it by L, wc have 
L = 363;' = ^; 






du =; abx^dx. 



Substituting x -i- h for x, and subtracting, wo have 
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10 diffekeNtial calculds, 

u' — M ^ 2ax/t + t"^' — 1^^ 

"-^ = ^" + •* - '■■ 

making h = 0, we have 

L = 2az ~ c = Ji, 
whence 

du = 2axdx — cdx. 





- 




a 


- - = 




- . 


ih 




* 


+ h ^ 


^■' 


+ 


xh' 


■u 


= 




- « 












^ 


+ xk-- 




L 


^ 




.5 = 











du = (Boi' — 4ml') (ii. 
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DIFFEEENTIAL CALCULUS. 11 

12. Equation (4), article (9), may be put under the form 

—~ ^ p + A (Q + EA + &c.), 

and if the expre'^sion Q + R' + &c- (which ia a function of 
and /i) be re[ resLiitP 1 b\ P this becomes 



,.(1); 



m' = M + PA + P'A'; 

that is, the new state of the function is egnal to its primitive state, 
plus the differential coefficient of the function into the first j'ower 
of the increment of the variable, plus a function of tlie variable and 
its increment into ike second power of the increment. This cxprea- 
sion for the new state of the fnnction being an important one, 
should be carefully remembered. 

13, If we resume equation (3), Art. (9), divide by A and trans- 
pose P, we have 



Since when h = 0, the expression for the ratio - 
to P, Art. (9), if k he infinitely small, we shall hav 



Qh + M' + &c. < P, 
and multiplying by h, 

PA > QA' + RA= + &c. 
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That ia, in a series ananffed accoiding lo the ascending powers of 
an infiniiehj small qiMmtity, the Jiritt term u nuTnertcally greater 
than the sum of all the others. 



14. If u be an increasing function of tc, its n 
greater than u, and 



: P + P7i Art. (12), 



ae, and 



will be positive for all values of k. 

If M be a decreasing function, the reverse will be the 
the ratio be negative for all values of h. 

But we BCD, by the preceding article, that when h is infinitely 
small, the sum of all the terms that follow P, in the above equa- 
tion, will be less than P, and therefore the sign of P will be the 
same as that of the ratio ; that is, positive when m is an increasing, 
and negative when u is a decreasing function. But P is the dif- 
ferential coefficient of «, Art. (9). Hence, the differential coeffi- 
cient of an increasing function, is always positive ; and of a decreas- 
ing faTiction, negative. 

It should he observed, that the signs of the differential and dif- 
ferential coefficient are always the same. 



u and V being functions of the variable x, which are equal to each 
other for every value of x. If x be increased by /', and «' and v' 
be the new states of u and v, we have 
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( to the limit of these equal ratios by n 
we have, Art. (!0), 



that is, if two /unctions of the same variable are equal, their differ- 
etilials will also be equal. 



I and V being functions of x, and C a constant, and ar be i 
Teased hy h, we have 



and passing to the limit 

— — -7-, or (!u ^= d (v db C) = dv. 

Jx dx ^ ' 

that is, if two diffirentiah are equal, it does not follow that the 
e!i:presfnoits from which they mere deriaed are equal. We see also, 
that a constant connected by the sign ± with a variable, disap- 
pears by differentiation. In fact, the differential of a nnslant is 
zero ; since, as it admita of no increase, there is no difference 
between two states, and of course no differentia!, Art (10). 



17. Let 

then 

«' = Av', 
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14 riFFEHliNTIAL OALCDI.ue. 

and passing to tie limit, 

-r- = A -r-, or du = d ( Av) ^ Adv ; 

dx ax ^ 

that is, the differential of the product of a constant by a vanuhle 
fiiiietioii, is equal to the constant mxdtiplied hy Ike differential of 
the function. 



18. Wlien two vai'iable quantities are so connected tliat one is 
a function of the other, either may be regarded as the function, 
and tlic other as the independent variable. Tims, from the ex- 

jin'ssion « = itx\ we readily obtain x =iy ~\ in which x 

may be considered a function of the variable u. 
In general, let 

»=/(') (1)-, 

tJien by deducing the value of x, 

'=/'(«) m- 

In this last expression, let the variable u be increased by any 
variable increment u' ~. u ^ k, x will receive the correspond- 
ing increment x' — x, and the ratio of these increments will be 

-7- ("■ 

If the increment x' ^ x be denoted by A, and we substitute 
K + /( for X, in equation (1), we shall obtain. Art. (12), 

u- - u = Vh + W = k, 

and substituting these values of a' — ar aud k in expression (3), 

x' - X h _ 1 
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Passing to the limit by making k, the increment of u, ctjual 
to 0, in which case A = 0, we bavo 



since P = -r- ; that is, the differmlial cotfficienl of x regarded 

as a fanetion of u, is the reciprocal of the differential coe^cient 
of u regarded as a function of x. 

It should be observed that du in the firat member of the above 
etjiiation is constant, u being the independent variable. Art, (9), 
while dx ia variable. In the second meinbe]', the reverse is the 
case, dx being constant, and da vanable. 

To illustrate, take the example 



whence 



In article (9) we have found -~- ~ 2qx\ then 



dx _ L - J_ _ 1 

du " Ta ~ 2ai ~ ~'/ 



19. Let u be an implicit function of x of the 
Art. (4), as 



= /(y)- 



If X be increased by h, y will receiv* an incjemeiit ; 
which we deoote by k ; and these increased values of y ai 
the second members of (1) and (2) will give, Art. (1 2J, 
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w' = M + Qi + Q'i', y' = y + PA + T'k"; 

whence 

■^^^ = Q + Q'i, ^^^^ = P + P'ft, 

ind by multiplication, 

^^ X ^^^^ = QP + Q'PA + QPVi + &c.; 

or, since y' ~ y = k, 

" ■■ "" ■ " = QP + Q'Pt + QP'A + &c. 

Passing to tlio limit by making A = 0, which gives Ar = 0, 
WB have 

J = QP. 

But 

Q = -— -, and V ^ -r-; 

whence 

<?M (?K dy 
dx dy dx ' 

that ia, tlie differential eoeffeietit of « regarded as a fanetion of x, 
is equal to the differenlial coefficient ofu Tegarded as a/unction of 
y, multiplied by the differential coeffcient of y regarded as a func- 
tion of X. 

If 

« =/('=) (3): and i- = fl. (x) (4), 
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in ■which case h is evidently an implicit fimction of v, we fiud 
from eqnation (4) 

' = ?'(«) W; 

and applying the preceding principles to equations (3) and (5), 

we have 

du da dx . , 

dv dx dv 

Bnt 

...Art. (18), 









which value in (6) giv 



dx 

that is, the differential coefficient of u regarded as a function of v, 
is equal to the differential coefficient of u regarded as a function of 
X, divided by the differential coefficient of v regarded as a function 
ofx. 



Pakticulak Rules fok the Differentiation of 

AlOEBKAIO FtlNCTIONS. 



20. In orde t d 1 p t 1 If tiie differentiation 
of any species t p Si 1 naply t apply to the rep- 
resentative ot th p til g 1 n 1 for obtaining the 
differential co ffi t ^ t 1 (10) multiply by the 
differential of th 1 pa d nt n bl 1 then translate the 



..Google 



18 DnTEKESTIAL CALCULUS. 

Let 

u = .±v,±> (1), 

in wliicli V, w, and s are functions of x. Increase x by h, then 

m' = i>' ± w' ± e'; 

enbtracting (1), member from member, and dividing by k, 



Passing to tbe limit of these ratios, we have 

du dv _, dw _, dz 
dx dx dx dx' 

and multiplying by dx, 

du = dv d:. dw ± dz; 

that is, the differential of the sum or difference of any number of 
functions of the same variable, ia equal to the sum or difference of 
their differentials taken separately. Thus, if 



du = d {oe') — d {bx') = laxdx — Zhx''dx. . .Arts. (9 h 11). 



21. Let r ^^ we be the product of any two functions of .r. 
(If a be increased by h, we have 

r' = v-'v' = (n + PA + P'A') {v + Clh + Q'A') , . . . Art. (12), 

or performing the multiplication, subtracting the primitive prod- 
act, and dividing by A, 
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— - — = fP 4- mQ + terms containing k. 
Passing to the limit, 



dr = d{uv) = vVdx + ttQ,dx ~ vdu + udv, 

since Vdx = du, and Q(/s = dv. Art. (10) ; that is, the differen- 
tial of the product of two functions of the same variable, is equal to 
ike sum, of the products obtained % multiplying the differential of 
eadi function hj the other. 



22, Let uvs be the product of three functions. Place 
av := r, then uvs =; rs, 

and 

d{uvs) — d{rs) = rds + sdr (1). 

But since 

r ^ uv, dr = udv + vdu ; 

bence, by substitution in equation (1), 

d[uvs) =^ uvds 4- sudv + svdu. 

If we have tbe product of four functions ui-siv, we may place 
sw = r, and, by a process precisely similar to the above, obtain 

d{tivs!i!) = uvsdw + uvwds + vwsdv + viesdu (2); 
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and we readily see, tliat hy increasiDg the number of fiinctions, we 
may in the same way prove, that the dijferential of the ^product of 
any number of functiom of the same vm-iable, is equal to the iutn 
of the products obtained hy multiplying the differential of each into 
all the others. Thus, if 

uv = ax\ b:e, 

rf(«ir)=; o^*.!i(6z) + 6k. i7 («*'}— oa'.Mar-f bx.2axd^ = Sabx^dx. 

23. If wo divide both members of equation (2) of the preceding 
article by uvsw, we bave 



and we should have a similar resnit for any number (rf functions ; 
whence we may conclude in genera), that the differential of i/te 
product of any number (f functions divided by the product, ts equal 
to tlie sum, of the quotients obtained by dividing the differential of 
each function by the function itself. 



V being any function of ,«, and m any number, entire or fractional, 
positive or negative. Increase s: by k, then 

m' = u'" = (v + Qh + Q'A')"* Art. (12), 

or placing in tKo binomial formula, 



i + Q'h") for a. 
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we iiave 

^' = lv + (QA + Q7i=)]« = V" + m(Qh + Q7*')u"-' + Ac, 

each of the followmg terms containing A as a factor. Then 

S = ---'«. 

du = dB- = mv'^-''<idx = TOW"-Mu (1), 

since Q,dx ~ dv, Art. (lO), That is, to obtain the differential of 
any power of a function: Dimimek the exponent of the power hy 
UTiity, and then multiply by the , primitive exponent, and hy the dif- 
ferential of the function. 

1. If u = we', 
then, Art. (17), 

da =1 a.dx* = a.ix'dx = iax'dx, 

2. If w = bxi, 

ij, _- ___ 
3^ 
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4. If M = {ax: - x')', 

du = 5{ax - x'y d{ax -s'), 

bnt 

d{ax — x") = adx — 2xdx .Art. (20); 

Lence 

dii = 5{ax ~ x'y[a - 2x)dx. 

26. If in equation (1) of the preceding article we mal 



dV-v = ^-r 

that is, the differenlial of a radical of the second degi'ee, is equal 
to t?ie differential of the quantity under the radical mgn divided by 
twice the radical. 



d^. = -^, 

and in general, the differential of a radical of the wth degree, is 
equal to the differential of the quantity under the radical siffn di- 
vided by n times tlie (n — 1)(A power of the radical. 
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a.<ix' ^_ a ax ax 3 , — , 



--dx 



i. Let M = -V^ax — xK 



s and V being functions of the same variable, then, Art. (21), 
du := v~'ds + sds~^ =3 v^'ds — sv~^dv, 



whence, by reducing to a common denominator, 

,s vds — sdv 



■•(1); 



that is, the differential of a fraction is equal to the denominator 
into the differential of tht numerator, minas the nunuraior into the 
differential of the denominator, divided by the square of the denom- 



If the denominator be constant, civ :== 0, and equation (l) 
vdn ds 
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'A DIFFEKBNTIAL CAtXltrLCS. 

If the numerator be constant, ds ^^ 0, and equation (1) 



In this last case, it is evident that it is a decreasing function of 
V, and that its differential, when expressed in terms of dv, should 
be negative. Art. (14). 



Examples. 



[a ~ a:)dx — xdla — x) ^ [a--x)dx -\- xdx _ adx 



{ax-'Y - 



2T. By a proper application of the preceding principles every 
algebraic function may be differentiated. Let them be applied to 
the following 
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Miscellaneous Exainples. 
1. If M = (a + bx-^y, 

du = p(o. + te")'-'rf(« + Ja") Art. (24); 

but 

d[a + hx") = iiJ3:"~'(?,r; 

hence 

du := inp[a + hx'')''~' x''~^ dx. 

The solution of this example and many others may be simphfled 
by applying the rule of article (19) thus ; make 



whence 










dx ^ dz 


dx 


= P^'"' 


X 


nbx" 


and 












du 


= hnp (, 


■I + 


hx'] 


2. It 




« 


= ( 


'I - 


ii« = 


3(1- 


-^=)V{ 


1 - 


-x^) 



■6(1— z^yxdx. 



: + •«" +^ 
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DIFFEltliNTIAI, CALCULUS. 



y = 3; + Va + 3;^ tlion 



.| {^ + VirT^)dr, - ,(^d. + y==) } 



(I + •ST?)' 



7, aftor reduction, 



(ar+ Va + ^'OVa + ;i 



i-, rfw 



(a' - i ')<^:c 



.V^ 



^^. 



du = x-^-^^a" — x")' dx. 

4 _A 

du = -x{a ~ x^) 3dx. 



1. V, 









!. Let « = (a - V^:^)'. 9. Let « = (TT^"- 

, ^ _ V^' ^ I - 1 13 „ _ \^1 + ^ + VI - ^ 

V? + 1 + 1' ' Vi +* - vT^ .1 



..Google 



DlFFEBKN'iTAL CALCULUS. 



Successive Diffkeentiation. 

g8. It is readily seen from what precedes, that the differential 
coefficient of a function of a single variahle is, in general, a func- 
tion of the same variahle. It may then te differentiated, and ita 
differential coefficient obtained. 

Thus in tie example, 

" = «•. £ = -....,., 

3iMT° is a fanction of x, different from the primitive function. 
If we differentiate both members of equation (1), we have 



<£) 



B (Ja; is a constant, Art. (26), 
d{du) 



<%)-'■ 



the symbol d'u (which is read second differenliol of u) being used 
to indicate that the function u has been differentiated twice, or that 
the difermtial of the differentinl of u has been taken. Hence 

dx ax' 

in which dx'' represents the square of dx, and is the same as if 
written {dx)''. 

The expression, (Sax, being the differential eoe^cient of the first 
differential coefficient, is called the necond differential coefficient. 

To make the discussion general, let m = f{x) and p be its 
differential coefficient, then 

~ = r M- 
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DIFFEEENTIAL CALCULUS. 



Since p ia usually a, function of !e, let it be differentiated and il 
differential coeffleient te denoted by q, tlien 






,.(s). 



In the same way let q be differentiated and its differential e^ 
efficient be r, then 

S- w- 

By differentiating equation (2), we liave 

nij = *' " -zr = *• 

and by the substitution of this value of dp in (3), 

dx d'u ,^. 

a ='• "■■ &■ = « <"'• 

which is the second differential coeffleient of the function. 
By differentiating (5), we have 



and by the substitution of this value of dq in (4), 



wliieh is the differential coefficient of the second differential eoeffi- 
cietit, and is called the third differential coe^cieiit. 

In the same way the fourth, fifth, &c., may be derived, each 
from the preceding, precisely as the first is obtained from the 
primitive function. 



:yG00g[c 



DIFFEKEHTIAL 

For this reason, tlie successive differential coefGcients are often 
called, derived functions, and are designated thus, 

•=/w. S =/■('). S =/"(•).*- 

f[x) being the primitive function f'{x) its first derived funeiion, 
/ ( ) tA second de edfdwto d,o 

From tlie d fferent al coeffic ents or der ved functions, we may 
it o c obta n the o re pond ng d fierentiala, by multiplying by 
tl at po 7e of the d fterent al of the var ible, which indicates the 
orde of the re ]u ed d fte ent 1 t! s 

I = l^d, =y ( )h% 



r-^dx" — f"\x)dx', kz. 



1. Let u = ax', 

a being a positive whole number, then 

dx ' dx' ^ ' 
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Since the last differential coefficient is constant, its differential 
will be 0, and we Bave 



2. Let 
tben 



M =2(« -=')-, 



3. Let u - {a - x'')^. 

By tl d ff t 1 ffi t tl l- 

jl 3, t 111- th tb\ h dft t t tl I t 

i th p w d m h d by fy "Wl tli p t 

tl I pc t t 11 fi !ly b d d t d t th b 

t ftlpotsnthp thrr 

pd^dff tlopffi t II h t.tTh tn 

d aa II 11 >d 1 i II II tl I d tl 11 b 

a 1 m ted mbe If t! i t be fr t 1 by th t 1 

It t f ty th It bo b t 11 fi lly f 

tllff tt be t Ihem gt tb cc 
d ff t 1 ffl t w 11 tl 1 ( ta d th II 

b fitmbblfthptb t 

A I g I t 11 th p t f Ig b I 

t d p t th I! b ltd b f d f 

f t I ffl I It y t f t I tl 

b will 1 t i 
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Maclaurin'3 Thkokem, 



29. The object of this theorem is, to explain the manner of 
devdopinff a function of a single variable, into a series arranged 
according to the ascending powers of the variable with eonstant co- 
efficients. 

Let « = /(^), 

and let us assume a development of the proposed form, 

M = E 4- Ca; + Da:' + E«' + Ac (l), 

m \\\ ick r L D &e ire ctit leU mJep^ndent of 7 ^nl depend 
upon the constaDts wh (,h enter into the giien fmctitn It is 
now requ red to determine such values lor the coDst^nts L C, Ac, 
as will caust the assumed development to le a trie one for all 
values of x 8mce the-se constants are mdej endent )1 x they 
will not change when we mik x = It then m (1) we sup- 
pise X :^ and denote Ly A whit fi/) or « ttcome^ under this 
supposition, we have 

A z^ B. 

Differentiating (l), and dividing by dx, we have 

^ = C + iDx + gEi' + Ac (2); 

making a; = 0, and denoting by A' what — - reduces to in this 

-ase, we have 

A'^ C. 

Differentiating (2), and dividing by dx, we have 
— ^ = 2D + 2.3E^ + Ac; 
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making x = 0, and denoting by A" what -j-^ becomes, we have 



In the same way, denoting by A'", A"", &c., what -j—, -7-;, &c., 
become wheD a; = 0, we shall find 

A'" ^ A"" 



1.2.3' 1.2.3.4' 

Substituting these values in equation {!), wc havo 

« =/(,) = A + to + A" ~ + A-'— ^ + fa.. .(3), 

in which the general teim, or the one which has » terms before it, 
is what t^e «th differential coefiicient of the function to be devel- 
oped becomes when the vaiiable is made equal to 0, multiplied by 
the jtth power of the variable, and divided by the product of tJie 
consecutive numbers from I to » inclusive. 
This formula is often written thus, 



" =/W =/(») +/(o)» +/"(0) j^ +/■'(») x;^-;, + *«•; 

m which the coefficients of the ditferent powem of x are symbols 
denoting the same quantities as tJie letters A, A', A", &c., in 
formula (3). 
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1. Let 

u= (« + .}". 

This, when x = 0, reduces to a"; hence A = a". 
By differentiation, &c., we obtain 

S = -(«+')"-'. S = "■("-')("+«)-, 

^ = m(».-l)(m- 2) (. + «)—,&«. 

Making a: = in each of these differential coeiBcienta, we have. 
A'=ma'"-\A"=ni{m.~l)a'-\A"'=m{m-l)(m-2}a'"',&c. 
Substituting these values in the formula (3), we have 

{a + a;)* = a" + ma—'x + ^^^Lzil^^lli! + &c. 

2. Let 

~ 6 — a; ~ ^ ' ' 

By difforentiatioa, &c., we have 

£lj=2.3.(*-,)-=j|4^ fc 

Making s = in the original function, and in each differential 
coefBcient, we. have 
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DIFFEEENTIAL CALCTTLTIS. 


A = 


V ^ = V" 


A"='j? 


These valnci 


! in the formula (3) give 




b - X ~ 


b b' &■' 


■■~^'- + 


3. Let M 


= T^- -' 


1 




" Vl - :<■■ 


6. M 


-^^^- «• 


.= (1 +«•)*. 



Whenever the function to be developed contains the second or 
higher power of the variable, the work will be much abridged by 
Bubstitnting for this power a single variahle, then making the 
development, and in the result reauhstituting the power. Thus, 
in example 6, by putting 2 for a', ive have 

. = (!+.•)*= (I +.)», 
which is easily developed according to the ascending powers of 3. 



30. Functions which become infinite, when the variable on 
which they depend is made equal to 0; or any of the differential 
coe£B.cients of which become infinite, under the same supposition, 
cannot he developed by Maclautju's formula, as in such cases, 
either the first or some succeeding terra of the series would be 
infinite, while the function itself would not be so. 

« = log a', u = cots-, u = ax', 

are examples of such functions. In the first two A, and m the 
third A', would be infinite. 
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Definition amd PRorEETT of Pdnctions of the Sum of 
TWO Vakiables. 

31. A quantity is a function of the SQm of two variables, when 
in the algebraic expression for the function, a single variable may 
bo substituted for the sum, and the original functioa thus reduced, 
without a change of form, to a function of the single variable. 
Thus 

is such a function, for if in the place of « + y we substitnte z, the 
function becomes u' =; az°, a function of z of the same form as 
the primitive function. 

log (^ - y), 

isal hatut ftht 1! ^ — y hich, 

what — y ptb 1§ 

If n 1 a f t th U b d ^ 1 t the 

It 11 b a f t t tl th bl f th sam form 

th p mrt f t tl fi f th t. 1 t tute 

a 1 1 1 f th f th th t Th s, th first 

fth b mpl t b h 

ay"; 
if y be 0, we have 



two functions, one of y, the other of x, of the s 
become identical if x be changed into y, or the n 
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For K + J* substitute z, then 



If we difforGtitiato this, fiiat as a function of x, y being regarded 
as ii constant; and then as a function of y, x being in turn re- 
garded as constant, we shall have, Art. (18), 

du' da' dz du' du' dz 

dx dz ' dx^ dy dz ' dy' 

But, since z = x + y, when y is regarded as constant, dz = dx; 
when X is constant, dz r= dy, and the second factor in the second 
moDiber of each of the above equations reduces to 1, and we liave 



That is, if a function of the mm of two variables he differentiated 
as though one of the variables were constant, and then the same 
function he differentiated as though ilie other variable were constant, 
and the differential coefficients he taken, these two coefficients will 
he equal. 

To illustrate, let 

u' = (« + y)", then du' = n{x + y)—' d{x + y), 
which if y he regarded as constant becomes 

du' = M (a: + y)'~^dx; whence -j— = n{x + y)"~'. 

And if X be regarded as constant, the same expression become 

du' = n(x + y)°~^dy; whence -^ = k (a + j/)"""'. 
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Tatloe's Theorem. 



33. The object of Taylor's Theorem ia, to explain the manner 
of developing a function of the algebraic mm of two variables, into 
a series arranged according to the ascending powers of one of the 
variables, with coefficients which are functions of the other and de- 
pendent also ttpon tlie constants -which enter the given function. 

Let us -ivrite a development of the proposed form, 

m' =/(« + y) = P + Qy + Ey' + 8j' + &c (1), 

ia which P, Q, R, &c., independent of y, are fanetions of x. 

It is required to determine values for them, which substituted 
in equation (1) will make it true for all values of x and y. If we 
regard tx as constant, differentiate both members of equation (l) 
witli respect to y and divide by d)/, wo obtain 

~ ^ Q + 2lly + 3S(/' + &c. 

If we regard y as a constant, differentiate equation (1) with 
rfispect to x and divide by dx, we obtain 

dit'_^^ dR 

dx dx dx dx 

But by the preceding article we have -^ — =; -r— ; therefore 

and since, by the principle of indeterminate coefBcientfi, the co- 
efficients of the like powers of y in the two members must be 
equal, 

«=f p). - = s ^). - = § ^«- 
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If in equation (l) we make y = ; /(.k + y) will reduce to 
& function of x, Art, (31), vrhidh ivc denote by u. Then 



Sulstituting tLia value of P in equation (2), ■ 



This valuo of Q in equation (3), give 

2 K = ■ — - — ■ = -T-i ; wheiH 

and this value of E in (4) gives 






KA-:2p) 



By the substitution of these values of P, Q, K, Ac, in equation 
(1), we liave Taylor's foraiula ; 



: ^ dx"1.2.3.^.n '"" 

By an examination of the several terms of this formula, we see 
that tlie iirst (m) is what the function to be developed becomes, 
when the variable, according to the ascending powers of which 
the aeries is to be arranged, is made equal to 0, The second 

{ — - ) is the first differential coefBcient of the first term, multi- 
\dx 1/ 

plied by the first power of this variable ; and the general term is 
the nth differential coefficient of the first term, multiplied by the 
«th. power of the variable, and divided by the product of the con- 
secutive numbers from 1 to n inclusive. 
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The development of f{x — y) ia obtained from the formula 
by changing + y into — y ; thus 



/(,-,) = . 






1. Let 

u-= {x + yY. 

Making y = 0, we obtain v. =; »", and thence by differentiation, 

- = «-', ^ = m(m~l).-~' 

dx • dx' '• ' ' 

^=„(™-i)(»-2),-, ^r=»(».i)...(-»-»+i).". 

These values being substituted in the formula, give 

„.-..,x "'("'-')''->' ^ 



»'=(« + y)- 



If it were required to develop the function in terms of the 
ascending powers of x, we should make a = 0, and obtain y" for 
the first term, from which the other terms are derived as before, 



2. Let w' = — . 

X + y 



Making y = 0, we obtain u = - for the first term ; thence 
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2.3.a d-u 



rhese values being substituted in tbe formula, give 

^ ~ a; + y "^"^^"'"^^ x- + '^ ■" 

3, Develop u' = •.-—■ — -rj according to tbe powers of — y. 



4, Develop u' = r-5 according to tbe powers of x. 



34. Since in tbe formula of Tsylor, tbe coefflcients of the differ- 
ent powers qf one variable are functions of tbe other, it ia plain 
that if such a value be assigned to the other, as to reduce any of 
these coeffiijients to infinity, tbe second member will become in- 
finite, and tbe formula fail to give a development for this particu- 
lar value ; as, in this case, tbe first member will become a function 
of the first variable, which function is not necessarily equal to in- 
finity for a particular value of tbe second variable, on which it in 
no way depends. Thus, in the example 

^' ^ Va + s 4- y, 

which, when developed according to the ascending powers of y, 
gives 



2VV+1 BVi'^ + ^y 

tiie particular value x = — a reduces tbe coefficients of the 
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powers of y to infinity, while tho original function is reduced to 
Vy. We should thus have v'y = <», which cannot be. For 
every other value of x, however, these coefficients will be finite 
and the development true. 

The difference hetwecn this failing case and that of Maclaurin's 
formula is marked. In this, the failure is only for a particalar 
value of that variable which enters the coefficients, all other values 
of both variables giving a true development; while in the former 
case, if the formula fails to develop a function iot one value of the 
variable, it fails for every other value. 



35. If . = /(^), 

and X be increased by h, we have for tho second state 

«' = /(» + *), 

and by changing y into h in Taylor's formula, we obtain 

"' = /('+*) = » + £» + £'o + *-' w. 

which is ike development of ike second slate of a function. 

Otherwise, by substituting for u, ~, -j-^, &c., the oxpreai 
Mons f(x), f'{x), f"{x), &C., as in Art. (28), we have 

«■ = /(«-(- A) =f{x) +/'{^)h +f"{x)^ + &<,.; 

that is, the nevj slate of the function is equal to its primitive state, 
plus its first derived function into the first power of tlie increment, 
plus its second derived funrlion into the secotul power of the incre' 
merit, divided by 1 .2, plw, &c.; and this i& but another form Oi. 
Taylor's fc 
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If tlie second state corresponding to a particular value of x, 
as x ^z a, be required, we have simply to substitute a for x, 
Tid obtain 



fia + h) =/(.) +f(a)k+/"{a)— + 



&c.; 



in which /(a), /'(a), f"{a), "fee, are symbols denoting what 
tlte primitive function and its successive differential eoefScienta, 
or derived functions, become when a is substituted for x. 
From (1) we have 

„_. = _j + __„ + _ j_j + Ac. 
If we now put for h the particular value dx, we have 

„'-. = * + ^ + ^ + fe. 



36. If in the development of /(a; + y) by Taylor's formula, we 
suppose x — 0, and represent by A, A', A", &c., what m, -t-, -^, 
&Ct become under this supposition, we have 

/(J,) = A + A'j, + ^' + ^3 + fa. 



A, A', A", &c., being constant, and since y is the only variable, 
we may write a^ for it, and thus have 



1.2 1.2.; 

whieli is identical with Maclaurin'a formula. 
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Differentiation of Logaeitiimio and Exponential 
fuhctions. 



in which v is any function of x, and the logarithm is taken in any 
BystJiiQ. Increase le by k, then 

m' = log v', m' — M = log v' — log 11 = log — . 
Substituting for v' its value, Art. (12), this beeomea 
«'-u = log ^ =Iog^l + ~— -— J....(l). 



Art. 236), 

log (1 + y) = M^y ~ ^ + |! - &c.), 
we obtain 

and this in equation (1), after dividing by A, gives 
whence, by passing to the limit, 
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JAICCI.C 


-j~ = M — , du = 
dx v' 


M^ 


Bineo Fdx = dv. 




For the Naperian system, M = 1 


, and thi 



id this expression becomeB 



The differential of the logarithm of a quantity is, then, equal to 
the modulus of ike system into the diffeTsntial of the quantity 
divided by the quantity; and this in the Naperian system, be- 
comes the differential of the quantity divided by the quantity. 



Examples, 
dax^ ^a^c^dx dx 



2. If 






The differentiation of logarithmic functions will be much sim- 
plifted by the application of the principles for multiplication, di- 
vision, &c,, by means of logarithms. Thus, in the above example, 

* Throughout the book, the symbol I before a quantity will indicate the 
Kaperian logarithm of that quactity. 
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du = dla - dl{a - ar) = - ^ - . 
S. Also, if u = l{{a + a^j'-v'i"^^], 



du ■ 



2dx 1 (^a: (5a ~ 1x)dx 



V-i/i +»■-«; 

Multiply botli terms of tlie fraction by the numerator ; then 

_ 2t7(Vl + j' + a) _ 2:ic 

" Vl + i' + X " Vl 4- a'' 

5,If „^, C^l+j+V iZl), i.^ ^. 

6. let « = ! (^-~) ■ ?. Let « = i (a + I)' (o - i)'. 

a. ,^,(^JEl\ s. „=,,(„-,.) VS. 
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10. Let M = (/i^)"; 

tten, Art. (24), 

^ / a; 

n. Let M = ^{/i:); 

then du ^ -J-. ^ --J-. 



33. It lias been seen, Art. (30), tbat log x cannot be developed 
according to the ascending powers of x. To obtain a logarithmic 
series, let us take m = log (a + x), and develop it by Maclaa- 
rin's formula. By differentiation, &e., 

Mdx du W 



du = 


o + I- 




S = i 


I + X 


H(a 


+ 


^)-'i 


d'^ 


-»!(« 


+ '■ 


.)- = -, 


-M 




= 


2M 


57' ~ 


(" + .)■■ 


Making x 


= 0, we 


h.v 


for the 


vaUies of A, A', 


A" 


, &C., in til 


tormnla, 

















'd-ii + s^ ±;S 



in which the Ic^ritbm of a quantity i: 

an'anged according to the ascending powers of a quantity 1 

bV .. 

If a ■= \, since log a = log 1 =^ 0, tlie above seiies 1 
comes, 
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« = log(l+») = M(>,-- + -j- 

tie ordinary logarithmic scries. 

39. Let us now take the exponential function, 



in which v is any function of a:. Taking the Naperian logarithm 
and differentiating both members, we have 



du ^ ula dv, 



dti = da' =r: a'lu dv\ 

that is, the differential of a constant raised to a power denoted by 
a variable exponent, is equal to Ike power, multiplied by the Naps' 
Tian logarithm of tlte constant into' Ike differential of the exponent. 



du =: a'" la d,bx^i=: 2ba'' laxdx, 
2. Let 



40, If the succeBaive differential coefficients of the function 
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£ = »■'«. S = «W. S? = »■«■.*«■ 

If in the primitive function and in each of these differential coeffi- 
cients we make a; = 0, we have for the values of A, A', &c., 
in Maclauriu's formula, 

A = «° = 1, A' = la, A" = {lay, A°' = (/a)", 

and these in the formula give 



41. By the aid of logarithms we may simplify the differentia- 
tion of complicated exponential functions. For example : 



z and y being any functions of the same variable. Take the 
Naperian logarithms of both members, then 

lu = k' = yh; 

and by differentiation 

— = dy^lz + y--; 
whence 

du = uldylz + y — j = z^kdi/ + yz^-^dz, 

which is evidently the sum of the differentials, talcen ty first re 
gardirvj y as the only variable, and then z. 
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2. Let 

Taking the logaritlima of both members, 

lu := b'la, — = la.db" = lab'lb dx, 

du := a' b'lalb dx, 

3. Let 

i = 

du = z'U'f— + Izllds + - hdi\. 
.Let M = n^"'. 5. u = (-v^)-. 



DlFFEEENTrATION OP THE UlBOITLAB FUNCTIONS. 

42. Since any arc of a circle, when les3 than 90°, is greater 
than its sine, and less than its tangent, wc must have for all 
values of «/ less than 90°, 
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DIFFEEENTIAL CAI 


,CULUB. 




But 










tan y = 


^^; whence 
COS)/ 


sinj/ _ 
tan y 


C03}'., 


Making y = 


0, 


COS y becomes 1, and 


we have fot the 


the ratio (1), 




L = 1; 






and since ^ 


M/ 


cannot exceed unity, 


nor be ies 


s tlmn 



must, for all small yalues of y, bo included between them ; and 

as approaches the limit 1, must approach the same 

tany *^^ y '^'^ 

limit ; that is, iAe limit of the ratio of an arc to its sine is unity. 



43. Let 

M =: sin X. 

Increase x by /;, then 

«■ = .in {^ + 4), .J,' - . =^.i. (, + ;.) ^ .m ,, 

or by placing a; + A for ^ and a for q in the formula, 
sin^ ~ sinj = 2[emi{p - 5)co3|^(;; + g)}, 

Dividing both members by h, and then both terms of the frac- 
tion in the second member by 2, 



3 passang to the limit, si 
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du = d cosx = d sin {90° — a) = cos{90° — a^) rf(90° — a); 

whence 

rf cos :B = - sin a rfa:. 

If « = vcr-sina', 

</« = <; ver-sina; = (^( I — cos ar) = - t? cos «; 

whence 

d ver-sin x = sm x dx. 

If w = tans', 

dtt = (? tan X := d 

cos X 

_ (cosrc? sinK — s\nxd cos*) __ rf.r[cos°i: + sin'z)_ 



* This notation indicates that tbe espreasion for tho quantity within 
the parenthesis becomes unity when h^=f). 
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M = cot X, 

dlSO" — x) 



du ^ d sec X =1 d ^ — ; 

cos X cos' a; 

wiience 

, tan X dx 
rf sec a = ■ = tan a^ sec « dx. 

If M = cosec K, 

du = d cosec* = rfsec{90° — x) = cot x.ciy&oc.xdIfiO'' — a); 

whence d cosec a; ^ — cot at.cosec * rf:?. 

It ]) ot! 1 than 1 be used it must be introduced into 

th f n ] s, l> 1 til D homogeneous, as in Trigo- 

n metrv Thu tl f na I'l, f the differential of the sine and 

, . ^ ca&x dx _ sinxdiE 



Exmn^les. 
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3. If M = ten (a — a:)', 

4. If u = cot'*, 

^ . . . laotx dx 
au ^ 2 cot 3; d cot « = — ■ — -.-■ ; . 

5. If «=(co.i)-, 

make cos a: = 2, sin x ~ y; then u = z^, and Art. (41), 
du = z>kd>j -i-ys'-'dz = dx{co&xy'"'( cos X I cos X — !^^J. 

6. Let u= ^'"(^ +^) . 7. Lgt wr:. t3n(-m 1/?). 

44. In the prtceling iiticle nell<l^c fouiiJ the difiuentiils of 
the sine, cosine ic, m ttiinfi of the ir is in ml pu lent ^ 111 
able; let it now be lequnel to fliiil the difiticntial of the aiL, in 
terms of )ta sine, coamc, ic 

If u = fiiaa;, then x = ein-'«,* 

du = iM^xdx, and — = coaar. 

* Tho notation ein-'u, tan-'w, &c, is iisud Ui de.sigiiate the are ipliose 
meisu; whose tangent is u, &c. 
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If now X lie regarded as tiio function, and « as the independent 
variable, we have, Art. (18), 



du 1 

du ~ lin " c 


1 


<& 




>d since cos »= V 1 - .in'» = 


VI - «•, 


•'' - 1 ■ whccc 


,/, * 


«» VI _ «• 


VT-- „.• 


If 




M = cos^, a: = cos-'«, 




dx I 1 


1 



(^M ~ sin a: 



: -/(a — ver-sin a;) ver-sin x =: V(2 - 



whence dx ; 
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sea^x 1 + tan'a 



When required, the radius may be introduced into these for- 
nulas, as in the preceding article. Thus, the last formula will 



x = aia-'auV'l — «*', 
d{2uVl — ti") _ 2du 



2. If . = t.n->(-;-), 

4--) 



3. If M = COB-' - ^ -, 



■-» (a - jjv'o'-ioy 
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56 DIFFEEENnAL CALCULUS. 

4. If M =; ver-sin '-, aw = — , 

* x-V'Zx —I 



45, To develop tlie sine and cosine of <c, ia terms of the as- 
cending powers of x, we use Maclaurin's formula. Thus ; 



Making x = Q, we obtain for tJie values of A, A', &c., in thg 
formula, 

A = 0, A' = 1, ■ A" =: 0, A'" = — 1, &c.; 



1 1.2.3 1.2.3.4.5 



du . d'lt d'u . , 

— = — sm a:, -j-T — — cos x, -r— 5- = sm x, & 
dx ax' ax 

in which, mating 3: = 0, we ohtain 

A = 1, A' =: 0, A" = - 1, A!" = 0, & 

and thence 
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These series, for small values of x, are very converging, and 
will give with great accuracy the values of sin x and cos x for 
Email arcs, and may therefore be used in the calculation of a table 
of natural sines, &c. Thus, R being unity, we have for the serai- 
circumference or TT, the number 3,14159 ; this divided by 18", 

and the quotient by 60, will give the lengtli of the arc 1', which 
value, substituted for x in the series, will give the sine and cosine 
of one minute. 



46. "VVe can also develop the arc in terms of its sine, tangent, 
&c. If 

X = sjn-'M, — = -— ;:^^.^....Art. (44), 
du yi — m' 

Mating m = 0, we obtain 

A = 0, A' = 1, A" = 0, A'" — 1, Ac.; 
and by substitution in Maclaurin's formula, 

a: = sm u t:^ u -{■ ^2. 3 '^ J. 2. 4. 5 °' 

If M = ^ = sin 30°, this series becomes 
■ -1 1 



: + . 



•^ ~ 2~ ^2 1.2.3.2' 1.2.4.6.2=' 

by the summation of which, we find 

30° = 0,52359 , 

and,multiplyingby 6, 130° = n = 3,14159 
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47. If 



aid tie development may be made as in tlie preceding article; 
oc otJieinviao thus: Developing (1 + m')~' by the binomial 
'ormula, we have 

g = 1 -»• + «'-«• + Ac (1); 

and since, by ditfereiitiation, the exponent of u in each term is 
diminished by unity, we must have, before the differentiation, an 
expresaioa of the form, 

X = K.U ■{■ Bm* + Cii' + &c,; 

whence 

£ = A + 3Bm' + 5Cm* + &c (2). 

Comparing the coefficients of the like powers of « in (1) and (2), 
A-:l, 3Bz=i-l, and B= -^; 5C = I, and C = J, &c.; 
whence 

X ^ tan-'« = M-^ + ^-^ + &e (3> 

[f M = 1 = tan 45°, this series becomes 

x = 45° = l~l + l-\ + Ac., 

which is not snfiiciently converging to enable ub to determine the 
length of the arc with accuracy. To obviate this difficulty, wo 
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will make use of the principle that the arc 45° is equal to the arc 
■whose tangent is -l, plus the arc whose tangent is J.* 

From equation (3), hj the substitution of ^ and ^ for w, we 



1 + &c., 



2 3.2° 6 .2' ' 3 3.3' 

which, being multiplied bj 4, gives tt = 3,14159, 



7.2 
, 1 



^~&c. = 0,78539..... 



DEVELOrSIENT OF THE SeCOND StATE OE A FuNCTTON OF 
ANT INUMBEB OF YakIA3I.ES. 

48. Heretofore our rules for differentiation have been limited 
to functions of a single variable; it is now proposed to extend 
them to functions of any number of independent variables. 

* To jiroTa thia principle, taka the formula 

... ,. J. « _ '" ' + '■»> 
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Let u =/(«,.v); 

X and y being entirely independent of eacli other. The second 
state of the function will evidently be obtained by giving to both 
X and y variable increments. Firat let a: receive the increment h; 
/{^i y) then becomes f{x -[■ h, y), which (if y for s moment 
be regarded as conBtant) may be developed according to the 
ascending powers of h, by Tajloi'a formnla; whence 

«,+»„) = .+!» + £? ll + ^^ + .o „. 

in ivbicb —, -j-;:, &c., are the differential coefficients of 

K := f{x, y), taken under the supposition that z alone is variable ; 
and are evidently all functions of x and y. If in this development 
we now put y -^ k for y, we shall obtain in the first member 
f{x + A, y + i), which is the second ttate of the function «. 
Th^iirst term of the second member («), being a function of x 
and y, will, when for y we pnt y + k, become 



In the same manner, -7-, when for y we put y + i, i 
le developed, and will give, Art. (33), 

fdH\ _ du \dx) \dx) k^ 

W/;,_j,+ i '^ m If^ dy' 1.2 ■'' *^" 



©.. 
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These values being substituted in the second member of (l), 
give for tbe development of tJic second stiite of ii function of two 
variables, 

du , d'u h' d'v, ^' , , 



dx dxdy dxdy'' 1.2 '' 

-(2)- 



In this development u is the original function ; -j- is its 

differentia] coefficient taken under the supposition that y alone 
varies, and is called the partial differential coefficient of the firsi 

d'u d'u , 
order, taken wtth respect to y: -r-r, -i— r, &c., are successive 

dy* dy' 

differential coefficients taken under the same supposition, and are 
called partial differential coe_ffcienls of the second, third, <&c., order, 

tahn with respect to y. -r, -=— ;, -tt. ai« obtained from the 
dx dx' dx 

original function under the supposition that x alone varies, and 
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fficients of the first, second, Ac^ 
-J— r-- IB obtained by diiferen- 



are called partial differential e 
order, taJcen with respect lo a:; 

tiatiag — with respect to y and dividing the result by dy, and 

is called a partial differential coefficient of the second order, Uiken 
hj differentiating first with respect to x and tlien witk respect to y ; 

general, - , ^, „ is a partial differential coefficient of 



nnd, 
the ■ 



order, and is obtained by differentiating first n times 
itli respect to x, and then m times with i-espect to y. 
By an examination of these results, we see that from a function 



of two variables there i 
dents of the first order. 



i derived two partial differential c 






three of the second order, i 



four of the third order, &c. The e 



-T-dx, T^du, -■;-^dx\ -r^—j-dxdu, &c,, 
ax dy dx' dxay 

obtained by multiplying the several partial differential coefficients 
respectively by dx, dy, dx^, dxdy, &c^ are called partial differen- 
tials, and are Ike results obtained by differentiating a function of 
tiBO or more variables, as though, at each differentiation, all the 
variables but one were constant. 



49. If, instead of first in( 
shall obtain 



r by h, ■ 
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and if in this we put « + A for x, we shal! evidently deduce 



whioh development must be identical with the one in the pre- 
ceding article ; hence the terms containing the like powei's of A 
and k must be equal to each other, and we nuist have 

d'u _ d'u d'a _ d'u ^_^ _ d'+'^u 

dxdy dydx ' dxdy ' dy^dx ' 'dx 'dtj" di/''dx'' 

which shows that we shall obtain the same result, whether we 
differentiate first with reference to x and then with reference to y, 
or tlie reverse. 



50. Let it now be required to develop the second state of the 
expression 

• = '-'J- (!)■ 

Differentiating with reference to x and y respectively, wo obtain 

i = " » W- -3^ = "' <»'■ 

Kow differentiating {2}, first with reference to ic, and afterw;irds 
with reference to y, we obtain 
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In tho same manner, by differentiating (3), first with 
to X, and then with reference to >/, we obtain 



and by continuing the differentiation of (4), (5), and (6), 
^=».(™-,)(™-2).-V,;^ = »(».-l)-"r-,fe 
Substituting these values in the formula of article (48), we hare 

+ m{m-l)x-^-Y^+&c. 

51, Let Tis now take the general case in which tt is a function 
of any number of independent variables ; that is, let 

« = /(», !/, I, *o.). 

It is plain that we may deduce the development of the second 
state of this function in precisely the same way as in article (48), 
by first increasing x and y; then in the resnit thus obtained in- 
creasing z, and in the new result increasing one of the other vari- 
ables, and so on nntil each shall have received an increment; We 
shall thus find 

I J ^-^\ — J-/, „ _ ».„\ — ;^.| — ^— ^. 
ax ay dz 
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D IFFEHENTIATION OF FtINCTIONS OF TVTO OK MOEE 

Yakiahles. 



52. If fi'om botli membei's of the last equation of the preceding 
article ive aiibtract f{x, y, e, &c.), we have 



f{x+h, y+k, z+l, &c.} ^/(s:, 



phis otber terms which will he of the second degree at least, with 
reference to the increments A, !c, I, &a. ; and this is the develop- 
ment of the difference between the new and primitive states of a 
function of any number of variables. If in this development we 
substitute for A, *, I, Ac, the constants dx, dy, di, Ac, and take 
the sum of all the terms of the fii-st d^ee with reference to these 
constants for the differential of the function, thus extending the 
definition in Art. (10), to functions of any number of variables, 



: <(/(i,y,«,fa) = ^dt ^ -^d,J + -j-.i + *c. 



The first member, which is the symbol for tlie differential of 
the function, is often called Ike total differential of the function, 
to distinguish it from the terms in the second member, each of 
which is a symbol for a partial differential. From this we see 
that the differential of a function of any number of variables is 
equal to the mm. of the partial differentials of the fitnction. 

It is important, in all operations, to preserve the notation as 
given for the partial differentials, as we thus not only distinguish 
them from the total differential du, bat know in each case with 
reference to which variable the partial differential is taken. 
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1. If 



du , , , du , , . . 

-ir-dx =; 2axn^dx, -r-di/ = Sax^y^a 

ax dy 



du = laxy^dx + Sax'y^di/, 



2. If 



^'■'' /°^' , (^« = ~^(a-^')[2:irW^ + (a-^')rfj]. 



'Jdx + 2axyz^dy + ; 



' y + ^' ' 



5. Let w = - 



Vic' + 2 



53. Having olitained the first differential of a function of two 
variables, we may from this at once derive the successive differen- 
tial b. Since 

, rfw , , du , 

dv. := -T-dx -\- -r- ay, 

dx dy 
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Differentiating -i- dx, first with reference to x, and then with 
reference to y, we have 

■,/du , \ rf'it , , , d'u 
dl -—ax = -—-dx^ + -;—-dxdy; 
\dx / dx' dxdy 

and in the same waj, 
whence, since 



d^u = ^d.^+ 2^=cdy + ^dy\ 

Differentiating this result, since 

,/d'u , .\ d^u , , , d^u , ,, 
\dx^ } dx^ dx^dy ■' 

d\-, — —d%dy\ ^= - , , , dx^dy + , , , dxdy', 
\dxdy / dx'dy dxdy' 

jZ-d'u, A d'u , ^'^ , , 

rtl-r-i-"'/ = ■ , . , ■ ay dx 4- -r^duK 

\dy' ■' J dy'dx ■' ^ dy^ "' 



In the same way the differentials of a higher order may be 
derived ; and in like manner we may deduce the successive diffei^ 
ijntials of a function of any number of variables. 
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Asr Function of two oe moke 
Variables. 



54. If in the developraent (2), aiticle (48), we, make both x 
and y equal to 0, the first member will l>ecome a function of A 
and i ; the first term of the second member, and the difierent co- 
efficients of A and h will, under the same supposition, become 
conetants. Denoting by A what v, or f{x, y) becomes when 
X and y are made ; by B and B' what the partijJ differential 
coefficients of the Srst order ; by C, C, and C" what tiiose of 
the second order; and by D, D', D'', and D'" what those of 
the third oi'der become nnder the same supposition, we obtaia 

f[h., 6) ^ A + (EA -[- B'A) -f- ~ (CA' + iC'Jik + C"F) 

+ r-^ (DA' + Z'Q'Vh + ic); 

or since we may change h and h into m and y, we have for tbe 
general development of any function of two variables, 

f{x, 3/) = A + (B. + EV) + y\ (*>' + 2C'^ + G'Y^ 
+ j^ (Di;' + 3D',i:V + &c.). 

If in development (2), above referi'ed to, we make ij and h each 
equal to 0, M becomes a function of » alone, and we have 

^/ - i\ du (Vu h' d^u A' 

/(. + J) = . + jji + jpr o + 5JT 17^ + *«- 

which is Taylor's fomnita. 
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In the same development, making x, t/, and A, each equal to 0, 
and dcHotinff by A, A', A", &a., what v, --, -— -, &a,, reduce 
to under this supposition, we obtain 

/(J) = A + A7. + A"j'-j + A'"j-|lj + fe.; 
or changing h into x, 

/(.) = A + A', + A"-ilj + A-^^^^. + ic, 
which is Maclaurin's formnla. 



55, By niaJiing a;, ;/, ^, &o., each equal to 0, in the dcvelopraent 
of Art. (31), and then rhanging k, l; !, &c., into r, v, e, Ac, wo 
may deduce the development of a function of any number of 
Fariables. 



DlFFEEENTIAL EQUATIONS. 

56. The most general form of an equation containing the two 
variables x and y, is 

/(»,y) =/'(«.!/) (1). 

Since y, in this cise, is an implicit tutiLtion of s, Art (4), we 
may suppose its salue in terms of j' to be substituted in equation 
(1), Each membei \m11 then be an explicit function of t, and 
since these functions are equal, their difterentials will Ije equal. 
Art. (IS). Hence, to obtain iht differenlial iquahon of a given 
equation containing two variables, or the e<juaiwn, expressuig the 
rd&lion betiecen the vinmbles and their diffeiuitiah Differentiate 
each member as a function of a single vaiiable, and place the two 
results equal. 
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Should either member he or a constant, the differential of the 
other will be equal to 0. 

Since every term of the differentia] equation thus derived ivill 
contain dx or dy, we may, by transposition, place it under tlie 

Vdx + Qfly ^ (2); 

fro 1 wh 1 iftpr 1 1 ^ b rf n mv, ■it o e oht n ^n ex 

pres on t r tl c d fferent al coefiic ent — 

It salao anf t tl at the fir t n e >cr f t! e aho e e ju t o 
(2) nay he ohta n d by tri po g al! tl e tern s t tl e gi n 
eqmt on nto the b 'st member a d tiL ^ the >: n of (he part a! 
d ft re t als, as tho gl x a d j ere nd pendent ar nbles It 
she Id be ob trved ho e er that o ng to tl e relat on bet e n 
j-1. \y d s n t tant b t n 11 n ncr U ■* f t on t 

57 If an equal on onti n three \a al les one 11 ne essinly 
be a f el n f the other t vo an 1 ah ember n ly be re 
gard 1 a a tun ton of two ndependent va able and may le 
d fterent atel as n A t (52) and the t vo esults placed cq al to 
eacl otl e 

In a cor lance th the same pnnctple and n prec sely the 
san e manner the d fferent al equat on ot one conta n ng a y nu n 
ber of var ables n aj he d nv^ 

It the d fferent al eq at on d r ved by one d fferent -^t on 1 e 
aga n d ffere t ated the nc v "1 ffer nt 1 cq tt u II be f tl e 
ifeo d der and t t! a be d fferent ated vo shdJl hie one of 
the tit d o der and so on 

1. If we take tlie equation of the cii'cle 

>' = K- -I- (1), 
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e each member, and equate the results, we have 

2yd)/ = — 2xdx (2); 

from which, after dividing by dv and 2y, wo obtain 



dx ' 



.(3). 



Dividing equation (2) by 2, and then differentiating, x, y, and 
rfy, being variable, we have 

dy' + yti'y = — dx'; 



1+^ 1+^ 

d'y_ ■ dx' _ y _ y + J' . 



-^ = ^ equation (3). 



Equivalent results may be obtained by differentiating the es 
pression y = V^' — ^', deduced from equation (1). 

2. If y' — Imxy + a:' — a' = (1), 

lydy — Imxdy — Imydx -{- Ixdx = (3)j 

vhence 

dx ^ y — mx 
Differentiating (2), and dividing by arfs', we obtain 

/ .\''> ^^'t _ ^'bL j_ 1 „ n. 
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from wliicli, after the aubstitutioa of the expression for -p, we 
may obtain the expression for the second differcDtial coefficient. 

3. Let y^ — Zaxy -^ x^ — 0. 

Equations derived as above, immediately from the primitive 
equation by differetitiation, are named immediate differential 



58. Differential equations arise, not only from simple differen- 
tiation, as in the preceding article, hut from the combination of 
the successive immediate differential equations with each other 
and the primitive equation, in such a way as to eliminate certain 
constants, or particular functions, which enter the primitive equa- 
tion. Thus, if we take tte equation of the right line, 

y = -' + i (1); 

differentiate, and divide by dx, we have 



a result wtieh is the same for all values of 6. By the substitution 
of this value of a in equation (1), we have 

ydx — xdy ■{- Idx, 

which is the same for all values of a. 

Differentiating (2) and dividing by dx, we obtain 

4-1 = 0' 
dx' 

which is entirely independent of both a and 6. 
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2. Take also, the equation of the conic sectiona 

y" == '22}x + r'x' (3). 

By two differentiations, we get 

2>jdy = 2pdx + ^r'xdx, 

<!'/ + 2/^'y = r'dxK 

By comhining the threa equations, 2p and r* may readily be 
eliminated, and an equation obtained which will be entirely inde- 
pendent of them. The result of this elimination ia 

y'd^x* + x^dy^ + yx'd^y — 2tjxdydx = 0. 

S. By differentiating the equation 

y^ — 2o;c' + u' =: 0, 
and eliminating c, we obtain 

IQyx^dx'' — 2ix'dyd!c + Qy^dy' = 0. 

And, in general, all the constants of any equation may he elim- 
inated hy differentiating it as many times as theie are constants. 
The differential equations thus obtained, with the given equation, 
make one more than the number of constants to bo eliminated ; 
an equation may therefore be derived which will he freed from 
these constants. Eqnations thus obtained are properly the differ- 
ential equations of the species I'f lines, one of which is represented 
by the given equation, since, being independent of the constant*^, 
they are evidently the same for all lines of the same kind refei'red 
to the same co-ordinate axes. 

i. Let 
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dy = —{a" + a')" ixdx = 



^ y for (a' + 3^')', and clearing of fractions, 
ii{a' + x^)dy = 'imxydx; 
a differential equation free from the irrational function. 

5. Let 

y =; a sin a: — h cos x, 

dy = ii.ii<y?,xdx + h&-a.xdXf 
d'y =: — asmxdx^ + icoaa^rfa;', 

which, is free from the circular functions. 

6. y = e' coax. 1. y = ^(sina;). 



59. The Differential Calculus enables ua also to eliminate, from 
an equation containing three yariablos, an arbitrary function of 
either two, the form of which may be entirely unknown. Thus, if 

the form of t!io function desiguatd by the symbol F being 
arbitrary, we can find a differential equation exprcssitig a relation 

between x, y, and the partial differential coefficients -r-, -.-, 

which will be the same, no matter what the furm of the function 
F may be. 
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/(«,!') = 2 (1), 



Differentiating tliJB, first with reference to <c, as the independent 
vaiiable, and then with reference to y, we obtain, Art. (19), 

du du dz du du dz 

dx dz' dx' dy dz ' dy'' 

dividing these equations member by member, and then clearing 
of iractioDs, we have. 



.(2). 



dit dz du dz 
dx 'dy dy' dx ' 

By substituting in this the values of -j- and -y-, taten by 

differentiating equation (1), we shall have the required differential 
equation. Such equations are called partial dijireniial eqvations. 
To illustrate, suppose 

1. /(ie, y) ■=. ax -\- by, and « =^ "E [ax -}- iy). 

Place (tx -\- hy = s, then 



hese values ■ 


in equation (2), give 




du du 
^Tx " ^Ty 


2. Let 




/{^, v) 


= a^' + y' = z, ai 


tifferentiatin, 


g a, we find 



:F(«',+ j,'). 
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— = 2x, and -r- = 2y, 

dx dy ' 

ITiese values in equation (2), give 

du du 

3. Let /(x,2/) =^ -, and u = ^ (-)■ 

4. Let u = F(.'siny). 

CUANGE OF THE INDEPENDENT YaJJIAELE. 

60. In the discTisBien of expressions containing the 
differentials or differential coefHcients of a function, it is often 
desirable to change the independent variable, and to regard tJie 
primitive function, or some other variable quantity, as the inde- 
pendent one. 

This has been done in Art (44), and is simple in cases like this, 
when the first dMeneutial coefficient alone is considered. Should 

the second diffarential coefficient -t— enter the expression, ive 
must remember that it was obtained, as in Art. (28), by differen- 
tiating -p as a fraction with a constant denominator, thus 
obtaining 



v consider both dy and dj: as variable, and differentiate 
irt (26), we have 
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(djj\ dxiPy — ih/d''a 



<i) 



and this should replace -—■ whenever it enters an expression, 
if we desire a result in which neither dx nor dy is regarded as the 
independent variable : or for -r^ we should substitute the above 
expression divided by dx, that is 

dxd'y — dyd'x 






,.(1). 



i recollect, also, tliat -p j- is obtained by difl'erentiating 



it by differentiating; oxpressiou (1), without regarding any of the 
differentials as constant, and dividing by dx. Thus, differentiating 
and reducing, we have 



(dxd''ij — dyd*x)dx + 1 



anil m i "unilirwn by diftti titiating tlu'* o\pri,ssion ^n1 divi- 
dui^ bi dx, we bhsfll obtain an expressiiin to rtpUce -j-^ 

'Whene'iei we ha^t any cxprs'^sion i,ontainnig -j-j, -i— j, &e., 

in which X has been regarded as the independent ^ imllc, and it 
IS desiiable to cliange to a more geneial one, in which neither x 

nor y is independent, we liave simply to substitute for -7-j, •—, 

&c., the expressions (l) and (2). If in the result we desire to 
mate y the independent variable, we must place 
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in which case the particular expressions (l) and (2) reduce to 

^ '^^■■■■^^'' ^d^^ —■■■•(2), 

nhich aiaj be used directly when ive wish to change from x to y. 

Example. 
If we take the equation 



iind subRtitiite for —^ expression (l), we have, after reduction, 
y{dxd''y — dyd^x) + dy^dx + dx'' = 0, 

in whicii neither x nor y is regarded as the independent variable. 
If y be regarded as the independent vaiiable, d'y =: 0, and 
we have, after dividing by dy' abd reducing, 



61. If we have a differential equation containing x, y, and the 
successive differentia! coefficients of y ; and we also have x given 
as a function of anotlier variable, or x and y as functions of two 
other vanables, and desire to deduce an expression, in the first 
case, independent of x and its differentials, and in tlie second, 
independent of both x and y and their differentials, we must fii-at 
transform the given equation into its most general form, as indi- 
cated in the preceding article, and then deduce the values of dy., 
dx, d'y, and d'x, from the equations expiessing the relation 
between x and y and the new variables, and substit\ite them lu 
the general form. 
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1 Let US have 



(i'y X dy 



+ ~^, = (1). 

■ «<»« (2)- 



article, and wc obtain the general form, 

d'yd^ - ^^y _ ^ ^ , y _ q /g-, 
rfi' 1 - a^=rfjT *^ 1 - s' ■■■■V ;• 

Differentiating equation (2), regarding as the independent 
variable, wc have 



Substituting these in (3), and recollecting that 
1 — a' = 1 — cos' - sin' 0, 
we have, after reduction, 

3 + " = "■ 

independent of x and its differentials. 
2. Let 

ydy + arrfa;' ' ' ' " '^ ■' ' y = r sin )j ! 

Differentiating equations (2), we have 
dx T= co^vdr — r svavdv, dy =: smvdr + j 



..Google 



so DIFFEKliKTIAL CALCULUS. 

Substituting these in (l), and reducing, we obtain 



in ivhicli oitber r ot v may bo regarded as the independent 
variable. 



Tanibhihg Fkaotiohs. 

62. In the discussion of the results obtained by the application 
of the Calculus, we often meet with expressions which, for a par- 
ticular value of tlio variable, become §. This, although in general 
t!ie algebraic symbol of an indeterminate quantity, does not indi- 
cate such a quantity in the particular cases refeiTed to. As in the 
example 



which becomes $ when x = a; if we divide both n\imerator and 
denominator by tlie common factor a — x, we obtain 



a + x' 

and tbis^ when x ■= a, reduces to ^-, which is the true value of 
the fraction in the particular case. 

Expressions of this kind are called vanuMng fractions, and 
reduce to § m consequence of the existence of a factor common 
to both teims; which factor becomes under the particular 
supposition. 

All such fiat til ins may be represented generally by the eX' 
piebbion 
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in which P and Q are functions of x, aot containing the factor 

(• - «)• 

There are three cases : 

1. When m ^ n, tlio fraction hecomea 

P(.-.)-_ F, 
Q(i-«)- Q' 

which, when x ^ it, becomes a finite quantity, 

P._. 
<J._.' 

2. \Mien m > w, it may be put under the form 

r(»-»)-- 
Q 

K — n being positive ; and this, when x -^ a, becomes 



3. "When m < k, the fraction may bo put under the form 



Q («-«) — • 
g positive ; and this, when x = a, becomes 



We see from the above, that if we can, by any process, ascer- 
tain tke relative values of m. and n, we shall know the true value 
of the fraction when x = a. 
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63. Whenever the common factor can be readily discovered, 
the simplest method of ohtainmg the tme \aluc ol the friction la 
to strike it out, and then put loi the \aiiiible its paiticujii vilue 
But IS In most cases it is not eaaj to detect tiiia td toi, othi.r 
methods become necessary 

Lot - be a vanishing tiiction, ; in3 s b ing fractions of a, 

and let a be the particular value viliich, substituted tor r, reduces 
the ftdction to g 

It IS plain that, if we «ubstituto a -\- h for a', and, alter redue 
tion, make A = 0, it vsill imount only to the substitution of a 
for I Suppose this substitution made, anl that in the lebilt 
both numerator and denominator are ananged so that the c\po 
nents ot h shall mcieise fiom left to right , we then hive 



0..... 



AA- + EA-' + &c. 
A'k' + B'A"' + &c.' 



in which. A, A', B, B', m, n, &c., are constants. After reducing 
this fraction to its lowest terms, by dividing both numerator and 
denominator by that power of A which is indicated by the smallest 
exponent, we shall have one of three cases. 

1. If m = n, 



a. 


■ a-i-i 


A + BA»'-" + 
A' + B'A-'-" + 


&c. 


a. 


. = + 1 


Ah — + &c. 
A' + &c. • 




a. 


.0+4 


A + &c. 
A'A— " + &e.' 
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Now making A — 0, we have for the tvQC value 
cases, 



GL^ 



Whence we derive the general rule : For the variable, substitute 
that value whick causes the fraction to reduce to §, plus an inere- 
trtent ; reduce the result to its simplest fonn, and then make ike 
increment equal U> 0. The final result will be the true value of 
the fraction for the particular value of the variable, and may he 
finite, aero, or infinite. 

The effect of the jipplication of this rule is evidently, by the 
reduction of the fraction to its lowest terms, to cause the common 
factor to di&appear. To illustiate, tako the fraction 

(^' -«■) ■_ 

which becomes § when x =^ a. 

For x, put a -\- h; the primitive fraction then becomes 

Dividing both terms by /i = , we obtain 

(2. + '.)'; 
which, when k ^ 0, becomes {2a)^, the true value. 
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In this case tlie common factor {x — a)^ is eridont; striking 
it out, we have 

(,, + .)S, 

wiiicK becomea (2«)^, wlien x ^: a. 



64. The application of the general rule of the preceding articlt 
which is strictly algebraic, will, in most cases, give rise to compli 
cated- algebraic wort, , We may, however, by the aid of the Dil 
ferential Calculus, deduce a practical rule of mnch more easj 
application. Thus, if the vanishing fraction, as in the preceding 
article, be 

dr = iid$ 4- sdu; 
in which, if we make a: = a, we shall have {since ?,_„ = 0), 

(*).-. = («*)...■, 

whence 

"— {a.. = ltr: «■ 

for the true value of the fraction in the particular case. 
If {dr).^, = 0, this value ia 0, 

If (t^s).-« = 0, it is 00. 

If both are at the same time, the second member of (1) 

becomes ^, and -j- is a new vanishing fraction ; then, as above, 

wo tale the differentials of both its terms, put « for x, and thus 

obtain 
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{d'r] 


K 


(d;) 




jntiinK 


,ll]e 


(d'r) 


'fz: 



If this again becomes g, i 



and so on. The rule may then be thus enunciated : Take ike 
differentials of the nameralor and denominator ; in each, substitute 
that lalae of ike variable wkich redutei the oiigtnal fraction to ^ ; 
if both do not reduce to Q m injimt^, wlial the former becomes 
divided by what the lutlet becomes, uill he the true value of the 
fraction If botk reiuie to 0, tale the second differentials, and 
rnaie tkc same hiibstiluiion , of ccittatae the differentiation, tfic, 
until two differenliak of the same order are obtained., botk of which 
do not become or infinity ; tehot one becomes divided by what the 
other becomes, ■mill he the ti-ue value of the fraction. 

It should be observed, that the effect of the application oi this 
rule is, at each differentiation, to diminish by unity the exponent 
of the factor which causes the fraction to reduce to {[-, Art. (28). 
If the exponents of this factor in the numerator and denominator 
are fractional, and not contained between the same two consecu- 
tive whole numbers, it is plain that the least one will be reduced to 
a negative number, by a less number of differentiafJouB than will 
be required by tbe otiiev. The differential of that terra of the 
fraction which contains it, will then, by tho substitution of the 
particular value of the vaiiable, reduce to infinity, while that of the 
other reduces to 0, and the true value of the fraction will be either 



V, however, these exponents are contained between the same 
two consecutive whole numbers, they will become negative by the 
Bame number of differentiations, and the differentials of both terms 



..Google 



80 

of the fraction reduce to icficity at the same time, as will the suc- 
cessive diffBtentials. In this, the only failing case of the rule, we 
shail not be able, by its application, to obtain the true value of 
the fraction, but must fall bacls upon the general rule. Art, (63), 
Ab an illustration of this, we may refer to the example in article 
(63), in which the second differentiala, and all which follow, be- 
come infinite when :» = «. 



r _ X' — \ 
1 ~ X — l"' 

which becomes § when, a; = 1, 

dr z=. nj:'~'dx, ds =^ dx', 

making a: ^; 1, in each of these, we have 

(*■),„! = ndx, {ds},_, = dr, 



2. If 



'dx '' 



s COS a: ' 

which becomes ^ when a: — — , 

dr ^ — cos xdx, ds =: — sin xdx ; 
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making a = - In each, we have 

(<^'-).-^ = 0' {'ls),_'L = — dx, 

the quotient of wliich is 0, tlie ti'ue value of the fraction, 

8. If 

r m' - 1<xcx + ac' 



dr = {2ax — 2ui;}(;;i;, </s — {'Ibx — 2bc)dx, 

both of which reduce to 0, when x ~ c. Differentiating again, 

d'r ^ 2adx\ dh = 2bdx\ 

and 

4. Take — when x =. 0. Ana. la — lb. 



"('+^) 



* 




1 - sin* + CO 




sin:e + cosa: — 


1 


a - X -ala + 


ah 


a-V2^— 


—i 


X' ~ X 
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6S. We sometimes m t w tli the p oduet of two factors, one 
of which becomes 0, and th th co for a particular value of 
the variable. Let ri be h p <1 t, in which r becomes 0, 
and t infinit«. It may b w ttan 



which, for the particular value, becomes g. Ita value may then 
be dotormiced as in the preceding articles. 



Let rt = (1 — s)tan— , when a = 1. 

"Writing it under the proposed form, we have 
I - a: 1 — X 



the true value of which, i 
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66. The fraction - may become ~, in which case it may 
e written 



whicli becomes ca X — = co x 0, and may then be treated 
as in the preceding article. 

67. Sometimes, also, we fiud expressions which become ca — a>, 

let 1 - i 

be such an expression, r and i becoming 0. It may be written 
1 _ 1 _ s — r 

which will reduce to ^. For an example, take 



which becomes oo — os, when a = -. By reduction we obtain 



the true value of which is — ], when x = 
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Maxima, asd Minima of rcNonoKS or A single Vahiablb. 

68. Let u — /(^■), and suppose a: to b« increased by insensible 
degrees from, its least value, until we obtain a corresponding state 
of the function which is greater than the state which immediately 
precedes it, and greater also than that which immediately follows 
it; this state of the function is called a maximum. If we obtain 
a state which is less than both of these consecutive states, it is 

We say, then, that a function of a single variable is 
a state, or a maximum, when it is §realer than the 
state which immediately precedes, and greater also than the stale 
which immediately follows it; and a minimum, when it is less tfum 
both of these states. 

69. If M is a function of ix, and x supposed to be increasing, 
it is evident that when passing from the preceding states to its 
maximum, m mast increase as x increases, that is, be an increasinff 
/unction of x ; and when passing from its maximum to the suc- 
ceeding states, it must decrease as x increases, that is, be a decreas- 
ing function of x. In the first case, Art. (14), the sign of its first 
differential coefficient must be positive, and in the second, nega- 
tive ; therefore at the maximum state Ike first differential coejicient 
must change its sign from, plus to minus, as the variable increases. 
For a similar reason at a minimum state, the first differential 
coefficient must change its sign from minus to plus; and these 
changes of sign, in the first differential coefficient, ai* respectively 
the aitalytical characteristics of the maximum and minimum states 
of a function. But, as a function which is continuous can change 
its sign only by becoming zero or infinity, it follows that no value 
of the variable will give a maximum or minimum vahie to the 
function, unless the same value reduces the first differential coeffi- 
cient to zero or infinity. 
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The roots of the two eijuations, 

^:^0....(I), and f = a>, or ^ = 0....(2), 

Vi 11 tl en gne all t!:e ( iluts oi x nliicJi can p^salblv make u a 
lii3\imum or 1 minimum After having olitametl tliesa roofs, Lt 
ea h, flist ■with in infinitely smiU decrement ind then with an 
intnitely small lucrerQent, be suhstituted in the given fun tion , 
the lesalts mil be tlie atatLs wliich immelntely precede and 
follow the one obtameJ by substituting the root itselt , if both 
are leas th^n this, the latter will be a maximum, if both arc 
gieitei a minimum 

Or, as will in general be moie convenient, let eich ot these 
roots, with an infimtelj small decrement md increment, be sul 
eeasiieiy substituted in the first diffeientnl coefflcient, it the fii'.t 
result be positive, and the second negative, the loot will mike tlie 
function 1 maximum, if the reverse, a minimum If the two 
results have the same sign, the root under considtration will siivo 
neither i m i\imuin nor a minimum 

Since equations (]) and (2) may give seveiil loots which will 
fulfil the requued conditions, thcie may be more than one nia\i 
mum or minimum state of the same funetion , and, thorotoie, the 
maximum state is not necosaaiilj the greatest state, nor the mini 
mum the least. 

Examples. 

1. If u = a + {x - by (3), 

dii , , , , dx 1 

- = 2(.-i), and J-u=Uy-^y 

Placing -— = 0, we have 

2 (a — i) = ; whence x := h. 
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If in equation (3) we wibstitnte flrbt b — h for x, and 'then 
6 + A, denoting the corresponding states of the function by u" 
and m', we have 

u" =^ a ->r h}, and m' ^ a + li^, 

both of which ara ffreoter than u = a, the result obtained by 
substituting 6 for *; kenoe u ;= a is a minimum. 

The only value of n which will reduce -r- to 0, is ar ^ os ; 

there is then no finite value of x which will satisfy this condition, 
hence s = 6 gives the only minimum state, and there is no 
maxinmm. 



2. If 






« 




(' 


- 


du _ 


_ 


2 




and 




i. 


d.c "~ 


3{^- 


-i 


W 


du 


Placing 


du 

dx ~ 


:0, 




obtain 


' 


= 


-lutioii. 















...(4), 

3 ("-')* 



3 [x — 6) = ; whence x :^ b. 

If, then, in (4), we substitute first b — h, and then 6 + A, for 



both of which are leas than u = a, the result of the substitution 
of 6 for « ; u := a is then a maximum, and the only one, and 
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If, ill the first differential coefficients in the above examples, we 
substitute b — h and 6 + A for x, we obtain in the first, for 
b — h a negative, and for & + 7t a positive result; and in the 
second the reverse, as it should be. 



70. When the states which immediately precede snd follow the 
majijmum or minimum state of «, can be deduced from Taylor's 
formula, a more convenient practical rule may be applied. To 
demonstrate it, let 

« =/("'); 

then let x -\- h be substituted for x, and the difference between 
the two states be developed, as in Art, (35), and we shall have 



^n5 + B?rb + *« «• 



If, in this, h be infinitely small and negative, u' will be the state 
immediately preceding ti\ and if k be positive, u' will be the state 
immediately following u ; and in both cases, the first term of the 
second member will be greater numerically than the sum of all 
the others, Art. (13), and t!ie sign of the second member will be 
the same as that of its first term. Now, if m be a maximum, it 
must be greater than m', whether h be positive or negative; that 
is, «' ~ M must be negative in both cases; and if m be a mini- 
mum, m' — M must be positive. But t- h evidently changes 
its sign as k changes from negative to positive ; m cannot, there- 
fore, be either a maximum or a minimum, unless the term -y-k 
disappears, which, siivce h is not zero, requires that 

g = « P)- 
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The roots of this equation will then, in the case under consid- 
eration, give all the values of x which can possibly make u either 



Let a be one of these roots ; to ascertain whether it will make 
w a inaximnm or minimum, substitute it in equation (1), and we 

have, since \-r~j = <>, 

The sign of the second member will now be the same as 

(-r-i) 1 since /(' is positive. If [■-, ;- 1 is negative, 

then u will he greater than u', whether ft be positive or negative, 
and M,_3 will he a maximum. If \"^~^] ^^ positive, 

".„. will be a minimum. If CK^'A = 0, then the sign 

of (3) will depend upon the sign of I -3-1^ j , which 

evidently changet, its sign as k changes ; and there can be neither 
»™...„„,.,ini„™,o,, = .,„.,.. (S)._„=0. 

In this case the sign will depend upon that of I -j-j- J , and 

there will be a masimum when this is negative, and a minimum 
when it is positive, and so on ; if Uio first differential coefficient 
which does not redutc to 0, is of an odd order, there will he no 
maximum nor minimum for a: =t ti ; if of an even order, there 
will be one or the other, according as its sign is negative or 
positive. If the first diSerential coefficient which does not reduce 
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to 0, becomeH infinity, this s a fa g case of Td lor's formula, 
Art. (34), and the rule tbus Jemonsfcrated fa 1 t th t. Whence, 
to determine^ the maximum or n u mum &tat a of a given func- 
tion : ^ind its first diffe7-ent <il coeffi ent nd place t equal to ; 
substitute each of the real roots of the equ to th e Jvrmed, in t]ie 
second differential coe^cient Eu I one wh ch g ves a nei/alive 
result t^lt, V)ken substituted n the f wton make I a 
and each which gives a pos e es It n II n ale it o 
If either reduce the second dffeiental coefficient to 0, subsltiuie 
in the third, fourth, dhc, until one be obtained which does not reduce 
to 0. Tf this be of an odd order, the root will eoirespond to neither 
a maximum nor minimum; if of an even order and nejattve, Iheie 
will be a corresponding Tnaxlmum ; if positive, a minimum Sub- 
aliluie the root in the function; Ike result will be the cori espondtng 



To illustrate, take the example 



Placing the expression for 



the roots of which are x = a, and c =: — oc The fiist ".ub- 
stitutcd in (i) gives 4(f, which hoin^ positne, indieitLS \ iiiiiii 
mum. The second sabatituted in {\) gncs — Aa, nhich iiidi 
cates a maximum. Substituting the roots in tlii, given function, 

wo have for the luinimum u ^i^ — — , ind ioi the m i\ ni im 
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Arbeeviations in the Application of the Rules fok 
Maxima and Minima. 



II being any function of x, and A a positive constant, 
entiation, Ac, we have 



from wliich it appears that those values of x, which mako 

-;- = 0, will also make -7- = 0, and the reverse. Also, that 
dx ax 

any of these values which will make -j—^ negative, will make 



ke -j-i positive. Hence every value of ib which will make 

i maximum or minimum, will make v or Am a maximum or 
Therefore a constant positive factor may he omitted 
during the search for those values of the variable corresponding 



To illustrate, take the example 
2i«* + a'bx 



= ^{2^^ + «'^). 



Omitting the constant factor, we may write 



:yG00g[c 



DIFFEEENTIAL CALCCTLUS. 97 

Placing tie expression for — - = 0, we have 

Sx' + a^ = 0; whence x =: — ~, 

This value in (1) gives Ca', and indicates a minimum, which is 

« = — ; whence v = — — —. 

8 ' 8 

72. Let V = u', 

1 and V being functions of x, and n entire. Then 

^ = „— ^ + „(„ - 1)„— ^. 

lir.' dr.^ ^ ' dx'' 



Now every value of x which will make — = 0, will also 

make — ^ 0; and if the same value makes nu"^' positive, 

,„ . d''v , , (Pu , . rfu' , 

it will give to -r-: the same sign as -r-r (since -r-j = 0) ; 

that is, if it makes m a masimum or minimum, it will make v 
a maximum or minimum. If it makes nu'°~' negative, it will 

give to — ■ a sign contrary to that of -r^ ; that ia, if it 
makes u a masimum, it will make v a minimum, and the re- 
All values of x, however, which will make %< = u° & maximum 
or minimum, will not necessarily make u a maximum or mini- 
mum, for the equation 
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may be satisfied by making either 



Those values of x which satisfy the firat, and not the second of 
these equations, will mako m neither a 
Tjut may make v ^= u" 





. = (, 




-xy 






dv = 


: 2udu, 






dv 
dx 


du 


"We may make 


S = ». 


by placi 


ng either 




3. = 2{«' 


-^') = 


0, 




whence 


X 


du 


— 3s' = 


0. 




whence 




The value x - 


- a evidei 


itly 


make. . a ^.u 


limn. 


does not reduce 


du _ 


3x^ 


to 0, 


it will 1 


nake 



The value x = answers to neither a 
inum. As the eoiTeaponding power of a radical expieaaion is 
formed by omitting the radical sign, we may, in accordance with 
the above principles, omit it, and seek those values of (he vwkihie 
lohich will moke the power a maximum or minimum. We are 
sure thus to got all the values which will make the root a ma.ii- 
mum or minimum. Care should be taken, however, not to use 
any of those which belong only to the power. 
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To illustrate, lake the example 



Omitting the radical s 



Taking the first differentia! coefiicieiit of v and placing it equal to 

0, ive find tlie two roots, a- z^ and x ^= -. The first gives a 

le, 0, for both v and «. The second gives a mini- 
valae for both v and ti, viz.; 



It would not be pi'oper to extract the root of a function before 
applying the rule, as tliose values which make the power, and not 
the root, a maximum or minimum, would thus be excluded. 

73. In a manner similar to the above, it may be shown that 
any value of the variable which will render u a maximum or 
minimum, will also render log u and a" a maximum or minimum; 

and also any value which will make m a 

L the converse. 



74. It often happens that the first differential coefficient is 
composed of two or more variable factors, each of which, when 

placed equal to 0, will give real roots of the equation — = 0. 

In this case we may easily ascertain what the second differential 
coefficient reduces to, by the substitution of any one of these roots, 
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without deducing the expression for t!ie second differential coeffi- 
cient itselfl Tlius, let 



be such a coefficient, X being whei 






That is, to obtain the corresponding valae of the second dif- 
ferential coefficient: Multifly the difei-ential coefficient of that 
factor which, is 0, by the other factors, and then subsUtule the 
particular value of the variable. To illustrate, let 

. = «■(.-»)', 

■which is equal to 0, when 

2a: = 0; whence x = (1), 

ix~a) = 0; " X = a. ...{2). 

{2x~a) = 0; » ;« = |....{S). 

Tailing the first factor, 2x, and multiplying its differential co- 
efficient by the other factors, we obtain the cxpre^ion 
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from whicli, by making x = 0, we obtain 






which indicates a miiiitnam, 

Midtiplying the differential coefficient of the second factor by 
the other factors, and making x = a, we obtain 2a\ which 
indicates & minimum. 

Proceeding in the same way with the third factor, wo obtain 
— a', which indicates a maximnm. 



75. As the principles and rules for maxima and minima, In tho 
preceding articles, are demonstrated independently of the nature 
or kind of the function, tbey are equalJy applicable to ail kinds of 
functions of a single variable. To apply them to an implicit funC' 
tion, we have then only to find its fiist and successive differential 
coefficients, by the rules previously given, Arts. (19) and (56), and 
then proceed precisely as in the foregoing examples. 

To illustrate, take the example 

>/' - Smry + a-' - o' = (1), 

and let it he required to find the value of x which will make y a 
maximum or minimum. By ditterentiating as in article (o6), we 
obtain 

2ydi/ — Imxdi/ — 2m,ydx 4- Ixdx =; 0; 
whence 

1 = 5^-^ «• 

Placing this equal to 0, we have 



which, in equation (l), gives 
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y = — ; whence x = — - ■ ■■■■- . 

Vl - m* Vl - m" 

Differentiating the factor my — x, equation (2), dividing by 

dx, and miiltipljing by — , Art. (74), we obtain the 

expression 



dx 



which, by the substitution of the values of y and x (dnce tlicn 

du 

■J-, =1 0), becomes 



and indicates a maxim am. 



SOLUTIUN OF pKiCnOAL PROBLEMS IN MaXOIA AND MlKIMA 
OF PdNCTIONS OF ONE VaKIAELB. 

76. The only difficulty in the application of the preceding 
principles to the solution of prohletaa, consists in obtaining a con- 
venient algebraic expression for the function whose maximum or 
minimum stat« is requited. No general rule can well he given by 
which this expression can be found. In order to indicate as clearly 
as possible the methods to be pursued, we will give, in detail, the 
solution of several cases differing from each other. 



Required tlie dimensions of the maximum cylinder which 

e inscribed in a given right cone. 

ppose a cylinder inscribed, as represented in the figure. Let 
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YA = a, BA = 6, VC =. x, CO = 

then AC = a — a:, and ihe volume of the 
cylinder, which we denote by v, is equal to 

'^/(o-^) (1). 

From the similar triangles VCO and VAB, 
we have the proportion 

z '. T/ :: a : b\ whence y =^ — , 
Substituting this value in (1), wc Have 

» = ?=.•(.--) P). 

Omitting the constant factor, Art. {'?!), we may write 




The second value oi x in (3) gives — 2a, and therefore will make 
V a maximum, which is — ■ ■- . 

For the altitude of the maitimum cylinder, we have a — x — ia, 
and for the radiua of the base, y ^ § 6. 

The first value of a; in (3) gives 2a, which indicates a minimum, 
which is evidently v = 0. 

2. Required to draw a tangent to the given quadrant ABD, so 
that the triangle CFG shall be a minimuii). 
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Let CB = R, FB = ic, BG = y; 
then I'G = a + y. The ana of the 
triangle is equal to JOB X FG, which, 
since -JCB is constant, will he a miniimim 
when FG is a minimum, Art. (71). In the 
right-angled triangle CFG, since OB is pei- 
pendicular to FG, we have 



K* = xy; whence 

FG = « = ;i^ + = 



E* 



R' 



dx ' 



W 



which, being placed equal to 0, gives a: = E, and y = R. 

Hence the angle EOF = 45". Obtaining the corresponding 
value of -3— J, as in Art. (74), we find for a result — , 



dx" 



B" 



3. The whole surface of a right cylinder being given, jt is 
required to find the radius of tlie base and the altitude, when the 
volume is a maximum. 

Let m' = the surface, x ■= the radius of the base, and s ■= the 
altitude; then 
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Y?, 



i'/s;. 



4. Kequired the minimum distance from a point without i 
given circle to the circumference. 

Let bo the centre of the ^vea 
circle, OM its radius = E, C the 
given point, CO = a. Join O and 
0, and take OC as the axis of X, i 
the origin being at O. Denote the 
co-ordinates of M by « and y, and 
the distance CM by u ; then 




VW^t 



Omitting the radical sign, we have 



dx ' 



which cannot be or co. Wo should not, therefore, conclude 
that CM admits of no minimum value ; for it is evident, from 
the inspection of the figure, that CA, corresponding to the value 
a; =; E, is a minimum. Cases of this kind are remarkable, bnt 
readily explained by a reference to either demonstration of the 
rule; for it depends entirely upon the principle, that the function 
is expressed in terms of a variable which admits of a value both 
less and greater- than the one which corresponds to a maximum or 
minimum. Now, in the case under consideration, there is no 
value of X greater than R, which corresponds to a real state of the 
function. Both rules must therefore fail in cases of this kind. 
The remedy is, to deduce an expression for the function, in terms 
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of some otiior variable which will admit of proper values. Thus, 
if the value of a = VR* — y' be substituted in equation (1) 



= W + a' — 2a Vs.' 
2ay = 0, 



^!/ VlV - 

which gnes a: = K, and r = — R Tho fiist ^alue corresponds 
to a minimum, and the 'iccond to a maximum value ot CM, 

The same rct.iilt might have been obtained directly, by taking 
any other line than CO as the a\i3 of X, m whu h ciie x would 
hsve admitted of proper values. 



6, Required the 
given circle. 



isosceles triangle 



m scribing s 




Let bo the centre of the circle, ABC 
the circumscribing triangle, AC and EC 
being the equal sides, OM = E, PC = a, 
AE = 2y, and denote the area by u; then 



.(1). 



From tLe similar triangles COM and CPB, 



PB : OM :: CB : CO, 

!/ : E ;; Vt' + y' : i - E; 
(i-E)y = EVjM-"?, 
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Substituting tliis in (1), we hav 



-^ = e/- 



Omitting tlie constant factor It, and the radical sign, Arts. (71) 
lid (72), we iave 

_ 3:' rfw _ {x — 2^)3^° — at' 

" ~ n ~ 2K' li " {X- 2"R) = 

Placing — = 0, 

(a — 2E)3a:> — a" = 0, Sa^' — 6Ew' = 0; 

whence 

jB = 0, a; = 3E. 

Th 1 = 311 g 1 h t] m 

bdjltlt 1 Th I =0 lit 

mm m m m tl / / f tt f t n 

mmd lly !\\ g th t t p 3 t =0 11 

tats,fmir = Ot a;=2B,beg mij, j 

8Eqedtdd gi qtf tf [t li 

that the mth power of ono, multiplied hy the Jith power of the 
othei, sbiiU be a maxim lua. 

If a ™ one of the parts, then x =: ~~~r — ■ 



7. In a given triangle, it is required to inscribe ! 
rectangle. 

The altitude of the rectangle ■= i altitude of triangle. 
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8. A cei-tam quantity of water being given, it is roqnirod to 
find the relation between the radius of the base and the altitude 
of a cylindrical vessel, open at the top, which shall just hold the 
water and have its interior surfece a n: 



The radius =: the altitude. 

9. Required the maximum rectangle which can be inscribed 

Each side = E V^. 

10. Required the maximum cmi' wh di can be inscribed in a 
given spheie 

11. Required the mimmuin cone cii umacnbmg a gutn sphere. 

12. Required the minimum tiian^le lormed by the a^is, the 
produced ordinate of the extreme point, and a tangent to the arc 
of a parabola 

13. Required the maxim im e\lmdei th-it can le inscribed in a 
given ellipsoid of reiolution 

14. Required the axis of the maximum parabola that can be 
cut from a given right cone. 

15. Required the minimum value of y in the equation y = x'. 



Maxima, and Minima of Fu 

Variabi.kb. 

77. A function of two or more variables is a maximum when it 
is greater, and a minimum when it is less, than all of its consecu- 
tive states. Let 

. u -^ f{x, y), then u' ^ f{x + h, y + k), 
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U'~U = h(p+pi) +~{q + 2q'l + f/'l') + &C....(1); 

aftei' placing in the development of article (48), 

du dii , 

k — kt, ~- — p -— — p, 

dx dy '■ 

d'u d'u , d'u „ 

dj;' dxdy ay 

TI B ol t! nes wlien h hn t 1) su 11 w 11 J p n 1 

p n tl c t.n of ts flr t terni "V^ e sh-tll oLta a all ot tl c c n 

se uf e st tes of M by g na; t A in W [rope nfi tely small 
alues both pos teal necit e a 1 the efo e vhen s e th r 

a ax c u n or 1 n n mu M the a ^n t m — for ■ill those 
il ea of h and L muat be the Rane But tl e fi st to m oi the 

sere (1) e Jently 1 a f,ea t „ I tl sgnof A ci anges 

there can then be n tl er a m n an nle s 

h{p -^p't) ^0, or p + p't = d; 

and since tliis must be for all values of * — t, v.'e must have 



f = 0, 


mi 


,■ = 0, 


£--•■«. 




1 = »■•■■(')■ 



The values of x and y, deduced fvooi these equations and sub- 
stituted in the second term of series (t), {h and k being infinitely 
small), should make it negative for a maxiranm, pnd positive for 
a miniiBum. This term may be put under the form 



r + ^i + ( 



1.2 \q" 

tlostedbyGoOgIc 



D TFEKFN 



h ! f tl e e i)B a mat d o m n n u t not 1 ■ing£ 
t jrn for an^ alue ot ( that toqan yvtln the \ 
thea a n ust be pos t e fo 1 1 ilu a o ( By add Dg a 1 f 



'-r, + '4> + 



{'^^^^-f^--^ 



If ij; 47ji which is entirely independent of t, be negative, 

such values may be assigned to i aa to mate expression (4) either 
positive or negative. To render the entire expression positive, 
5 and q" muat then have the same sign, and 



that is, we must have 

qq" — q" > 0, or gq" •— q" = 0. 

The conditions then are 

f d'wV d'u d'n __ dhi d'u_ 

\dxdyj dx'' rfj/" dx''' d//' ' 

and also tiat -r-r and -r-z bave the same sign, c/ler (he 
dx' dy^ ^ 

valuer of sc and y deduced from the equations --- = and 
—- z= a have been svhstHuied. And since the sign of tlic 

<hi 

second terra 

1 positive for a 
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If the second term betomts 0, we must substitute the values of 
X and V in flie thud, which must also he 0, and the sign of tlie 
fomth negative for a maximum, and positive for a minimum ; the 
discasiion of the seiTal conditions of which, although compli- 
cated, may bo made m a manner siioiUr to the above. 



I Required to dmde a number a into three parts, such that 
the cube i f the first, into thi, square of the second, into the first 
powei of the thud shall be i maximum 

Let X = the fiiat pirt, md v = tin swond ; then a ~ x — y 
=^ the thud, and 

U = x'y\a - x-y), 

PJacing ttese equal to 0, we have 

Za — Zy — ix = 0, 2a — 3y — 2.r ~ 0; 



: t4 = 2iy'(3« - 3J - »''. 






d'u 
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wLicli, for tlie particular values of x and y, be< 



9' 


12' 


&' 


'" = ffl < «" = 


■ S' '^^ 




k therefore a maximun 


1 when its value 


i. ^. 



2. Make tlie preceding proposition general, by putting for the 
cube, square, and first powor, the with, «th, and rth powers. 
Then 



3. Required the shortest distatiee from a given point to a given 
plane. 

Let the equation of the plane be placed under the form 

e =z ex + dy + ff, 

and the co-ordinates of the given point be x\ y', and z'\ then 

« = V'(i - »r + (y - ,')■ + (. - /)■, 

or putting for z its value, 

V. = V{* - x'f + {y~ y'y + {cx + dy^g- s'f. 

Calling the radical, R, we shall have 
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y — y' + (g^ + i^ y + g - 



Placing these equal to 0, and solving the resulting equations, 
we may obtain tke values of a: and y, and thence of z. Or other 
wise, putting for ex -\- dy -\- g its value z, we have 

y -y' + d{s- g') = 0, and X ■- 3^' + c{z ~ z') = 0, 

which are evidently the equations of a perpendicular to the plane, 
and if combined with the equation of the plane will give the 
values of ie^ y, and x. 

A. The volume of a rectangular parallel opipedon being given, 
required its three edges when its surface is a minimum. 

5. Required the maxim\im rectangular parallelopipedon which 
can be inscribed in a sphere. 



18. In order that a function of three or more variables be a 
e must have 



dz ' dy ^ dz 

an 1 tl e rel t hetn c tl part al d ftere t 1 
se ond rl n st be u 1 tl it tl e e nd tor 
nent uf the 1 fterence u — u shall rcma n t 
for all the co sec t ve val es of the t ct on 



ffl e ts of the 


n thed 


lop- 


be sa e 


sgn, 
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Geometrical Signifioatioh of a Fcnctioh of a bikgij: 

TaEIABLE, AJSD of its DiKFEEENTJAI. GoErFICIliNT. 

79. Let y be any function of a expcessed by the symbol 
'J =/(^), 

and let any valoe be assigned to a^, and the corresponding value of 
if be deduced ; these two values may be regarded, the first as the 
abscissa and the second as the ordinate of a point wbicli may be 
constructed. Any number of values may thus be assigned to x, 
the corresponding values of y deduced, and a series of points tlius 
constructed, through, which, if a line be traced, y will be its vari- 
able ordinate and x the abscissa. Hence, we conclude that everi/ 
function of a single variable may be regarded as the ordinate of a 
line, of which the variable is the abscissa. 



80, Let BMM' be a curve, tte equation of which 
and M any point of this 




/(»■)■ 

the co-ordinates being a: and y. 
Increase the abscissa AP or x, by 
the variable increment PP' = It ; 
denote the corresponding ordinate 
P'M' by y'\ draw the secant M'MT', 
tbe tangent MT, and MQ parallel 
to AX. Then 



M'Q = P'M' - I'M. =z y' - y =z I'h + T'k\ . . .Art. (12) 
From the triangle M'MQ, we have 
M'Q 



tan M'MQ : 



: tan JIT'X, 
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and placing for M'Q and MQ = PP', their values, this bccomea 

t^nM-TX = ^^ + ^'^' = P + rh (I). 

Now, if h he diminished, the point M' approaches M, and the 
secant M'T' approaches the tangent MT, and finally, when li. = 0, 
the point M' coincides with M, and tlie secant with the tangent 
If then, in (1), wc make ft = 0, we have 



tan MTX = P 



dy_ 



that 18, (As tauffent of the angle which a tangent at any point of a 
line malces with the axis of X, is equal to Ihe Ji/rst differential coeffi- 
cient of the ordinate of the line. 

To show the application of this principle, let us take the equit- 
tion of a circle, 

x' + y' = E'; 
whence 

t = -- ••••■pi, 

for the general value of the tangent of the angle, made hy a 
tangent at any point of the circumference, with the axis of X. 

If the particular vahie at a point whose co-ordinates are x" and 
y" he required, for x and y let .c" and f he substituted; then 

dg" a:" 



* The aymbola —, — ^, &o., are used to indieate isliat ths first, 
eecond, Sx., differential eoefBeients becoras, when for the general variabiea 
X SDd y the particular vahies x" and y" are substituted; and are catUd 
the first, second, Ac, differential eocfficienTfl of the ortliijate of the eurve 
taken at the point x", y". 
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Take also tlie equation of the conic sections, 



For tLe particular point y" and %", this cspreasion becomes 



dx" y2px" 4 »''^"^ 

8!. If it be required to find the point of a given curve, at which 
the tangent line maltes a given angle with the axis of X, we know 
that at this point the firat differential coefficient must be equal to 
the tangent of the given angle. Calling this tangent a, we imist 
then have 

^ — a- ' 

and this, combined with the equation of the enrve, ivil! givo tho 
particular values of x and j/, for the required point. 

If the tangent lino is to be parallel to the axis of X, then for 

the point of tangency, — = 0; and if perpendicular, -j- =. on. 

We will illustrate each of these cases hy an example. 

1. Let it be required to find the, point on a ^ven parabola, at 
which the tangent lane makes an angle of 45° with the axis. Tlie 
equation of the parabola is ji' = 2yr, by the differentiation of 
which, &Ct we have 

dx ■'/ 
But as tan 45° z= I, we have, for the required point, 
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aniJ, combiuing this with the eqiiatioi 



Tlie tangent at the extremity of tJie oiiilitiate passing through 
the focus, will tiieii fulfil thu required condition. 



2. Let 



represent a curve ; then 
dy 



= ~ 2(0-^), 



which is equal to 0, when x = e; and this value of a: in (l) gives 
y = a. These ate then the co-ordinates of the point at which the 
tangent ie parallel to the axis of X 



, = <, + ^c-.)t 

represent a curve; then 



which ia equal to infinity, when x =^ c. x := c lyd y ^ a are 
then the co-ordinates of the point at whieli the tangent is pevpen- 
dicular to the axis of X. 
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Equations of Tangent and T^oemai.. ExpKEssioNa fok 
Sub-Tangent, Sue-Noemal, &c. 

82. If x" and y" represent the co-ordinates of a given point 
on a given curve, whose equation is y =; f^)t the equation of a 
straight hne passing through this point wiH be 

y-y"= .(■<-«") (1), 

o. being indeterminate. In order that this line be a tangent at 
the given point, a must be the first diflerential coefficient of the 
ordinate of the cuito taken at this point, Note, Art. (80) ; that is, 

dx"' 



e must substitute -rn- W^o thus obtain 



1^ (..-,■').. 

J' differentiating tlie equation of an ellipse, 



and this value in (2) gives, for the equation of a tangent to a 
ellipse at the point y", x". 



'J ~ 1" = ^ ^' ~ '")' 

which, by reduction, becomes a'yy" -{• b''xx" = a'6'. 
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83. If the equation of a tangent be reijuircd, wiieh shall be 
parallel to a given line, or make a given angle with the axis of 'X, 
we may determine the co-ordinates of the point of contact as in 
article (81) ; and knowing these, the equation may be deduced as 
above. 

Thus, if a tangent to a circle be required to mate with the axis 
of X an angle whoso tangent ia 2, we must have for the required 
point, equation (2), Art. (80), 



From this, we find y = — ^, which, combined with the 
equation of the circle, gives 

' = *Vi = '' " = ^71 = =" 

and eqiiation (2), Art. (82), becomes, when we use the upper signs, 



-1|), o, ,= .._EVi. 



84. Equation (1), Art. (82), will become the equation of a 
mal at the point z", y", if for a, we substitute 



- T— ;7 = — -r-77 . ■ ■ .(Analvt. Goo.); 
dy ' dy \ . / ' 



and wc thus obtain for the general equation of a 



■W'^'- 
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85. The right-angled triangle MTP (Figure of Art. 80) gives 
PM = PT tan MTP ; hence PT = 



Subiangent = ■ 



tan MTP ' 
dx 



MT = VmP + PT'. 



Tangent = V y' + y'^, = yVl + ~. 

The right-angled triangle PMR gives 

PE, = MP tan PMR ; but PMR = MTP ; 

PR = MP tan MTP, or Subnormal = y%. 

Also, 



MR ^ Vmp' ■\- PR'; 



■ ^y' + y'% ■- 



To apply these formulas to a particular curve, it is only ni 



duced from the differential equation of the ( 
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will be general for all points of the curve. If the values for a 
given point he' required, in tliese results let the co-ordinates of the 
point be substituted for x and y. 

For example, take the general equation of Conic Sections, 

y' = ^px + r'^x'' ; 



d, _ 

dx 




dx 
d, - 





These expressions substituted in the formulas, give 



PT =. ^i:i-r_;:^, pr = j, + , 

■p -\- r^x 



MT 



</^-+'^^^(ff^y. 



MR = Vsjja; -}- r'a' + {p + i-''x 
For the parabola r' = 0, and these expressio 
PT = 2*, PR — p, 



MT = V2px + 4a', MR = Vs^ia; + p\ 



Convexity and Ooncatitt of Odbyes. 

86. A curve, at a point, is convex towards another line, wlier, 
in the immediate vicinity of the point, its tangent lies between it 
and the line. It is concave when it lies between its tangent and 
the line. 
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be convex towards the axis of X, and the ordinate 
the annexed figure, it is plain, that as the ahscissas 
AP, AP', &c., increase, the angles 
MTX, M'T'X, Ac, will increase, and 
the reverse ; consequently their tan- 
gents will also increase as a; increases, 
or decrease as x decreases. Since 
TAP" -i- p F' T- these tangents are represented by 
tlie corresponding values of the first differential coefficient of the 

ordinate ( T~ )i '' 

differential coeflicient, 



he an increasing function of x, and its 
-y-j-, must be positive, Ai't, (14). 




If the curve be still convex, and 
the ordinate negative, the angles 
STX, S'T'X, &C., and their tangents 

plainly decrease as x increases ; — 

is a decreasing function of x, and 

-r—„ must be negative. 



If, then, a curve be convex towards the axis of abscissas, the 
ordinate and its second differential coefficient, taken at ike different 
points, will have the same sign. 



If the curve be concave, and 
the ordinate potitive, as in the 
figure, the angles MTX, M'T'X, 
&c., jind their tangents will de- 



dx 



will 



be a decreasing function, and -y-; negative 
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If the curve be concave, and the ordinate negative, the reverse 
II evidently be the case, and -j^ will be positive. 



Hence, if a curve 
towards the aws of abscis'ias, 
ke ordinate and its second dif- 
ferential coefficient viill /lave 
contrary signs. 



AsYurroTEs. 

87. Aq asymptote is a line which, continually approaching a 
curve, becomes tangent to it at an infinite distance. Asymptotes 
may be curviliwar or rectilinear. The latter only will be consid- 
ered here. 

Let MV he any curve, and BC a 
rectilinear asymptote. Also, let MT 
he a tangent, the equation of which, 
article (82), is 



y ~ y 



■■')■ 



If we make y = Q m this equation, wc obtain 

^ = ^"-^"l^ = ^T (1). 



Ifw 



e obtain 



Now, as the point of contact, M, the co-ordinates of which are 
;" and y", is removed farther from the origin, the tangent MT 
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will approacb nearer to the asymptote BC; and finally, when. M 
is at an infinite dis^tance, the two will coincide, and the distances 
AT and AS hecome respectively equal to the distances AB and 
AC. 

If, then, the expressions for AT and AS, wlt^n swcA values are 
suhstiluted for x" and y" as to remove the point M to an infinite 
distance, are both finite, there will he an asymptote, which may he 
drawn through the points B and C. 

If one of these expressions becomes infinite, and the other finite, 
th 11 h ymptot p rail 1 1 th jds, wh' h th d' 

ta fi t 

If b th I * bee fi t th w n b } pt t 

If h th b tl a.y pt t U I th gh tl g f 

d ii Ith t g t fth gl h h t k wthth 

t S ) b bt d f th p f ^_ h 

f lythip 1 btttl 

H t ttthypttefgi tdby 

dffttithqt fth th pSB f 

^ (I -i— 1 h bttt f 1^(1) I (2) tl 

Itsth bt Uj 1 tt t f d v th ! 

fthtpiitfth hh t fitdt 111 

thlL tffir th die bytU }ltot, 
if there is one. 



1. Take the equation of lines of the second order, 
Bv differentiation, &c., we obtain 
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y ± V2px + r'a:'' 



Substituting this and the value of y" = ± V^px" + r^x"^ 
in (1) and (2), we Lave 



AT = 






p + r'x" p + r'x" 



AS=±V2px'-+r''^"' ^f '' ''- ^ — ^ /— ■ . (4). 



In this case, tiie co-ordinatea of tliat point of the curve which 
is at au infinite distance are .x" = oo and i/" := co. Mating 
*" = CO in (3) and (4), we have 



:»/S 



For the hyperbola r' is positive, these expressions are both 
finite, and, as tbere are two different values of AC, there are two 

asymptotes; and smoe p := ^ and )■ =^ — , wo have 



..Google 



1,26 

J?or the 



DIFFEEEHTIAL CALCULCS. 

r' = 0, the expressions ave botli infinite, and 



there is no asymptote. 

Foi- the ellipse )■" is negative, and AC imaginary, as it shoiilil 
tie, since there is no point of the curve at an infinits distance, anil 
of course no asymptote. 

2. Take the equation 

x^ — So,xy + y= = 0. 
From formulas (!) and (2), ivc obtain in this case 
AT = . 



- ay 



,.{5), 



As it is difficult to obtain the value of y in terms of x fi'om the 
givcfl equation, we cannot at once eliminate y" from (5) and (6) ; 
but if we make x = ty and substitute in the given eqnatian, it 
will be divisible by y', and we then find 



If in this we make ; = — 1, we have 
y = CO ; hence, when y is infinite it is 
equal to — ir, and for that point of the 
curve which is at aa infinite distance we 
have y" ~ — k" = co . 

Changing y" into — x" in (o) and 
(6), they become 



AS = 



1 + -^ 
ind making x" r= co , we find 
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AB == ~ a, and AC = 

hence, BC is the asymptote. 

a. Take tho equation 



pve rcpi'csentcd by wliicli, the points at an infinite dia- 
<j for their co-ordinates 



z 0, !r" 



AdTANTASBS of 3JBGAED1NG THE DiFFEEENTIAL OF THE 

Independent Vakiable as infihii-ely small. 

88. Hcretotbve, in our treatment of the subject, wc have re- 
garded the differential of the independent variable mei'ely as a 
constant, Art. (9), without having fixed upon the particulitr value 
for it. All the demonstrations are then as true ior one value as 
for another. 

It is, however, of the gi'eatest convenience, in the application of 
the Calculus to the higher branches of Mathematics and Phyeical 
Science, to regard this differential as infinitely small, tliat is, so 
gmatl as to be contained in unity an infinite number of times ; and 
hereafter it will, he so regarded. 

The advantages of so regarding it will appear evident after a few 
illustrations. Let us take first the simple function discussed in 
article (9), 



After » has been increased by die, we have there found 
m' — M = 2a,xdic -\- adx'. 
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Now, if the increment (dx) of the variable ba infinitely small, 
the two states u and a' will plainly be consecutive, tbe expression 
for their difference being 



But since da: is infiDitely small, its sqnare will be infinitely small 
when compared with it ; as may be shown by taking the identical 
equation 

J_ ^ £^ ^ &■ ^ ^^ . 

dx dx" dx' ' 

from which, since dx is contained an infinite number of times in 
unity, it appears that dx' will be contained an infinite number of 
times in dx; dx* in dx\ &c. ; adx^ will then be infinitely small 
with reference to 2axdx, and its addition will give no sensible in- 
crease; hence, adx' may be omitted from expression (I) without 
materially afi'ecting its value, and in this case 2 axdx may be taken 
for, or is the measure of, the difference u' ~ n. 

This is true also in the general case ; for if we take equation (3), 
Art. (9), after substituting dx for h, we have 

u' — w = Fdx + Qdx'' + Erfz' + Ac; 

in which all the terms except Tdx, which is the differential of the 
function, contain the second or a liigter power of dx, and are 
therefore infinitely small with reference to this first term ; and 
may be rejected, and the differential of the function taken, as the 
TMctsure of the difference between two consecutive states of the fmiction. 
It is plain, also, since 

du — pdx, d^u = qdx\ d^u — rdx", &c Art. (28), 

that the second differential of a function is infinitely small when 
compared witJi the first, and the third when compared with the 
second, and so on. It is usual to call these, infinitely small qaan- 
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litieB of the first, second, and third orders ; and we see, from what 
precedes, that every infinitely small quantity may he omitted with- 
ovt error, when connected b^ the sign ib with a finite quantity, or 
with an infinitely small qvaniily of a luwer order. 

In the apphcation of the Caiculns to curves, these principles are 
of great use. Let EMM' be a cnrve ; MP, 
M'P', any two consecutive oi'dinates ; PP' 
= P'P" = P"P"', &Ct being each equal to 
dx.; then the difference between y and y', or 
y' — y ^ M'Q, is equal to dy • and g' — 2 
= MM' = dz. Or, since z' — z may I'epre- " '''*''' 
sent the difference MM', M'M", M"M"', between any two con- 
secutive staffs of the arc, the different values of dz may, in suc- 
cession, represent the iniinitely small elementary arcs MM', M'M", 
&C., the sum of all of which will be equal to the entire arc s. 

So the difference between the two areas BM'P' and BMP is 
•equal to PMM'P' = ds ; and the different values of ds may, in 
succession, represent the infinitely small elementary areas PMM'P', 
P'M'M"P", &Ct the sum of ali of which will equal the entire area 
I. And in general, if the variable be increased by its differential, 
the corresponding increjnent of the function may be represented by 
the differential of the function; and the stim of all the different 
values of this differential will equal the function itself. The differ- 
ential coefficient will, in this case, express ike rate of increase or 
change of the function, in passing from state to state. 



I)iff^:eential3 of an Aec, Plane Aeea, Sukfaoe and 
Volume of Kevoltition. 

89, The differentials of an arc, plane area, &o., which, as will be 
seen, are fimctions of a single variable, may be obtained by the ap- 
plication of the general rule in Art. (6) ; but as the process in these 
cases is long and complicated, it will be found much more simple 
to make use of the priticiplea developed in the preceding article. 
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, Let BM = g be any arc of a curve, tlie equation of wliich 

~f{x). Although e changes whenever x or y is changed, 

yet the equation y = f{x) estahlialies 

■K t^f^ ^^ such a relation between a and y that one 

/ ' is necessarily a function of the other, s 

/ may, therefore, be regartled as a function 

J of either. Let us regard it as a function 

■ ■ ^ " p T— ji of ^, and let AP = x, PM = y, and 

X hy PP' = dx ; then, Art. (88), 

'■ = ds, M'Q ^ y' - y = <(/. 



BM' = e', MM' - 

Since the are MM' is infinitely small, it will 
choi'd MM', whicli is therefore equal to ds. 
angled triangle MQM', we have 



lot iliffer from its 
Fi'om the right- 



MM 



Vmq' 



or dz ~ vdx'' + (/(/*; 

that is, (As differential of an are is equal to the square root nf the 
iiim of tlie squares of the differentials of the co-ordinates of its points. 

Since wo regaid 3 as a function of x, we should express its dif- 
ferential in terras of x alone. To do this, we -differentiate the 
given equation of the curve, combine the differential equation thus 
deduced with the given equation, and obtain an expression for di/ 
in terras of x and dr, and substitute in the above formula. K « 
should be regarded as a function of y, we should, by the same 
process, obtain an expression for dx in terms of y and dy, and 
substitute in the formula. 

To illustrate, talfc the equation of a circle, 

x' + y' = R'; 
when lie 

and 

./77T ?3?~ Rdt 
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91. If «, y, and z denote the co-ordinates of tho points of a 
curve s in space, ds will be the diagonal of a rectangular paralielo- 
pipedon, and wo deduce 



92. Lot BMP = s bo any plane area, limited by a curve ! 
:hc axis of X ; it ivill evidently be a function of x. 
Increase x by PP' = dx; then, in tlie figure of Art. (90), 



but since the chord MM' coincides with the are MM', tliia area 
is the same as that of the trapezoid PMM'P', the measure of 
which, o being the middle point of MM', is as x PP'. But 

OS = MP + no ^ p + id,j; 
hence, 

PMM'P' = {y + idij)dx, 

or, rejecting ^dy, 

ds — ijdx (1); 

that is, (Ae differential of ike area is equal to the ordinate of the 
hounding curve into the differential of the abscissa. 

The differential of the area included between tlie curre and axis 
of Y, may be found in the same way to be 

ds =: xdy (2), 

K the axes of co-ordinates are oblique to each other, PMM'P' 
would be a trapezoid, and its area would bo ydx sin 0, (i being 
the angle made by the co-ordinate axes; hence, in this case, 
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To express the^e differontiale in toruis of a single variable, we 
find, from the equation of the curve, tie value of y in tevins of x; 
or from this equation and ita differential equation, deduce tte 
value of dx in terms of y and dy, and substitute in equations (1) 
and (3) ; or deduce in a similar way x or di/, and substitute in 
equation (2). 

Foi' exainples, taie tte equation 



whence 

ds = ydx — Vli' 



Also the equation 

the axes of co-ordinates being oblique ; then 
d^ ~ V2p'ic sin^dx. 

93. Let the curve BM revolve about the axis of X ; it will 
general* a surface of revolution which will be a fuuctlnn of x, and 
which we denote by «. 

The notation being as in the preceding articles, the increiuent 
(m' — 5i) of the surface, when x is in- 
M ^j:S=^ creased by dx, will be generated bj the 

arc MM', But this surface is the same 
as that of the frustum of the cone, gen- 
erated by the chord MM', which is meas- 

L J urcd by circumference os multiplied by 

MM' ; whence 

iu = 2ti [ij + i^di/)dz = 2m/dz, 

Substituting for ds its value. Art. (90), we have 



: imjVdj:^ + dy~' (1); 
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that is, the differential of a surface of re?olatioQ is equal to the 
drcv-mference of a circle perpendicalar to ike axis, multiplied by the 
differential of the arc of the generalinff curve. If the curve revolve 
about the axis of Y, we may determine in the same way 

du ::^ ZnxVdx^ -\- di/K 

To obtain the differential in terms of a single variable, we find 
from the equation and differentia! equation of tlie generating curve, 
the expressions for y and di/ in terms of a, or of dx in terms of y 
and dy, and substitute in ( I ), 

If we suppose a parabola, whose equation ia y' = 2px, to 
revolve about its axis, we shall have 



y/'4? ■ 



- Vy' + p'. 



94. Let the area BMP revolve about the axis of X ; it will 
generate a volume of revolution, which is a function of x, and 
which we denote by v. If a: be increased by PP' = dx, then the 
area PMM'P' will generate the increment {v' ~ v) of the volume. 
But this is the same as that of the frustum generated by the 
trapezoid PMM'P', which is measured by 

^[y' + (y + ^>/y + ^(y + d'j}]dx; 

hence, rejecting dy, we have 

dv = ni/'dx (!) ; 

that is, the differential of a volume of revolution is equal to t/tt 
area of a circle perpendicular to the axis, multiplied by the differ- 
ential of tlie abscissa of the curve which generates the bounding 
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For the volume generated by the area included between the 
curve and axis of Y, we may find, in the same way, 

dv = TTX^dlJ. 

By deducing the value of y^ in terms of x from the equation 
of the meridian or generating curve, or the value o? dx in terms of 
y and dy from tliis equation and its differential eqnation, and sub- 
stituting in (1), we shall have the differential of the volume in 
terms of one vaiiable and its differentia!. 

If we take the pai-tictilar case of the ellipsoid, tjie equation of 
the generating curve being 



?('•' 



-'•), 



"?(»■ 



Tendescy of Curves to coincide. Osculatoey CuiivES 

AHD GuiiVA'l-UKE, 



95, It is now proposed to examine the tendency which cnr\'es, 
with a common point, have to coincide with each other in the 
vicinity of this point ; and also tl:e use which may be made of this 
property of curves. Let 



. V = /(«). 



and 



■- f'¥). 







^ 


c-i 


/ 


<■ 







be the equations of auj t«o curves BB' and 
CC, ha^int; the \\j\\\\ M m common. In- 
crease the abscissa of each by A ; then, by 
Art 1 35), we ha\e for the second states of the 
ordinatea. 
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f(^+h} = 


y 


dx 


! + :?!>■ Ai 


d',j h' 

dx^ 1.2. a 


- + Ac. 


....(1), 


*■'(.' +h) = 


y' 








S + ''" 


=....(2). 


As these ci 


irv 


es liave 


tlio point M 


in eommon, 


for this 


point we 


must hiive 















at ^ s', and if = y' • 

aud if Uie co-ordinates of tliis poiut be substituted in tlie preeed- 
iiig equations, f{x + A] and /'{x' + A) will represent, respect- 
ively, the ordinates M'F and M"F ; -/, ~, "Sic, "'■" 
represent the successive differential coefficients of tlie ordinate of 
the first carve taken at the point M, Note, Art. (80) ; and ~, 



If, under ttis supposition, we siibtr.ict equation (2) from (1), 
member from member, and place 

^ _ ^' _ 

we obtain 

M'M" - AV* + A"-^ + A'" ''' + &c (3). 

If now we make h infinitely small, each term of the series will 
exceed the sum of all the succeeding terms, Art. (13), the points 
M' and M" will be consecutive with M, and it, ia evident tliat the 
smaller the distance M'M" becomes, the greater will be t!ie ten- 
dency of the cntve CC to coincidence with BB', in tbo vicinity 
of M. If A' = 0, or 
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by which M'M" will be made very smali, tlio ciirvea are said to 
have a contact of the first order. In this case they have a com- 
mon tangent at M, or are simply tangent, Art. (80). 
If A" = 0, also, or 



dx' 



■ dx" 



the second member of eqnation (3) becomes still less, the tendency 
to coincidence still greater, and the curves are said to have a con- 
tact of the second order. 

If A'" = 0, the second member is smaller still, and the con- 
dition 

d'y d^y' 



is the curves a contact of the third order ; and, in general, two 
■es have a contact of the jk"' order when they have a point in 
I, and th fi t wi d ff t 1 fficjents of their oi'dinates, 
taken at this po t, pe t ly q I 

To ascertain th d f tai"t f two given curves, we have 
simply to comb th ] t d deduce the values of the 

variables; for e I t f 1 al they will have a common 
t deduce the fii'st differen- 
1 u e, and sabstitute in them 
t f the results are equal, the 
1 Differentiate again, and 
t 1 the ordiitates taken at 
s have a contact of the 
f ontact being always de- 
e differential coefficients 



point ; then diff t 


t b th 


1 


tial coefficient of th 


d t 


f 


the co-ordinates f th 




p 


curves have a c t t 


ft! i 


t 


find the second d ff 


f 1 


ffi 


this point ; if th y 


^ 1 


th 


second order; d 


th 




noted by the n mb 


f q 
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thus taken. 






To illustrate, t k tl 
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q ' 


y' = 4^.. 


( 


1). 
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By combining them we find a common 


point, the c( 


5-ordinatea 


of wticli are 






^'— 1, 1/" 


^ 2. 




By differentiation, we find from (!), 






^' = ? (3), „l»ce 


<?;,"_ 
</:«" 


1; 


and from (2), 






2 - 1 W. ^h'^i'ce 


1^' = 


1. 


Differentiating again, we have from (3), 








<;'*/" 

(;;i" = 


1. 
2' 


and from (4), 






'21 . 0. 


^' _ 


0. 



llie two lines having a point in common, and the first differen- 
tial coefficients of the oriim-itc talton at this point equal, have a 
contact of the first order bince the second differential coefficients 
are not eqaal, the older of contact is no higher than the first. 

Take also the equations, 

and ascertain the order of contact of tlie curves. 



96. The constants which enter into the equation of a cure 
determine its extent and position with respect to the co-ordinato 
axes. If, then, one curve be given completely, and another in 
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kind only, by its general etjuation, the constaiita in this equation 
being arbitrary, we can eviUently assign such vahies to them as 
shall require this curve to fulfil as many conditions as its equation 
contains constants ; that is, we may cause its equation to be satis- 
fied by the substitution of the co-ordinates of a given point of the 
first curve, thus making it pass through this point; and, in addi- 
tion, may maie as many differential coefficients of its ordinate 
taken at this point, equal to the con-esponding ones of the first, as 
there are constants to be disposed of, less one, thus giving to the 
second curve an oi-der of contact at a given point of the first, 
deitoted by the numbm- of eoMttants less one. 

To ascertain the values which must be assigned to the arbitrary 
constants, first substitute the co-ordinates of the given point in the 
equation of the second curve ; obtain then the first differential co- 
efticients of the ordinate by differentiating the equation of each 
curve, substitute in these the co-ordinates of tlie given point, and 
place the results equal ; do the same with the successive differen- 
tial coefficients, until as many equations are thus formed as there 
are arbitraiy constants. By the solution of these equations, we 
can find those values of the constants which will cause the condi- 
tions to be fulfilled. These, substituted in the equation of the 
second curve, will give an equation which will represent the par- 
ticular curve having the required order of eontact. 

The curve which, at a given point of a given curve, lias a higher 
order of contact than any otlier of the same kind, is called o» 
O'culatrix. Thus, an osculaloiy eite/e is one which has a hiffher 
Older 0/ contact than any other circle. 

Since no more conditions can be assigned than there are con- 
stants, the ki;/hest order of contact which can he yiven to a curve is 
denoted by the nvmber of comtants, less one, which enter ife tnoH 
yneral equation. 



87. Let these principles be applied : 

First: To find liie eqwiiion of an osculatory right Uti 



..Google 



DIFFliliENTIAI. CALCULUS. 139 

Let the equation of the given curve bo 

y = /{'). 

and the co-ordiaatea of the given point, of' and y". 
The most general equation of the right line is 



containing hut two arbitrary constants. The first condition to be 
fulfilled is that the co-ordinates x" and y" shall satisfy equation 
(1) ; that is, we must have 



The first differential coeflieient of the ordinate derived from 
the equation of the given curve is — , which for the given 

point becomes ■—■,. The first differentia! coefficient deiivod 

from equation (1) ia ~ = a; hence, the second condition ia 



By the solution of equations (2) and {?.), we find 



Tiieae values in (1), give the equation 



•")■ 



This, as it should bo, ia the same equation as that deduced i 

Art. (82). 



:yG00g[c 



140 MFFEItEK'riAL CALCULUS. 

98. Second : To find the equation of the oscvlatorT/ circle at any 
point of the curve whose equation is y ^f{x). 

Denote'the given point, or point of osculation, by x" and y". 
Tlie most general equation of the circle is 

(:.-.)■ + (»-/!)• = E- (1), 

containing three arbitrary constants. A contact of the second 
order may therefore be given to the circle. 

Substituting x" and y" for x and y in the above equation, w(i 
have, for the first equation of condition, 

K'~«)' + (s"^/3)> = E> (2). 

By differentiating the equation ij = /(a), and substituting x" 
and y" in the first and second iJifferoutial coeflicients, we obtain 

35>. »<l Jr. (3). 



Differentiating cqnation (!) twice, we Iiave 






i;_ '+T^ 



/3' 

Substituting x" and y" for x and y in the expressions for these 
differential coefficients, ive obtain 

y" - /3' y - /3 ' 

and placing these respectively equal to expressions (3), we have, 
for the Gceond and tliird equations of condition, 
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dx" j,"_/3----w dx"^ y" ~ ti "' 

By tlie solution of tLese equations, we can find the values of R, 
tt, and /J, which, substituted in (1), will give the equation of the 
oscillatory cirele. 

To illustrate, let us seek the equation of the circle osculutory to 
tlio parabola whose equation is 



at the point whose co-ordinates are x" = 1, y" = 2. 

Differentiating the given equation twice, and substituting the 
co-ordinates 1 and 2, we find 

* = ?, when™ % = l: 

dx y dx 

d'l/ i ^^ d'j/" 1 

dx' " y" dx'" ~ 2' 

These values, with the co-ordinates of tlie given point, placed in 
the equations of condition, give 

(l-«)' + (2-3)= - E', 

' ~ 2-/3' 2 ~ 2 - (3' 

whence 

a ^ 5, = - 2, F. ~ i/si; 

and the equation of the osculatory circle will then be 
(^-5)' -1- (2/ -I- 2)^ - 32. 
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Find itiso the equation of the circle osculatory to the curve 
represented by the equation 

iy = <c' - 4, 

lit tlio point iviiose c rd tcs c J. = (- _/ = — 1 

99, Since ill the fl ree eq at o s of cond t on just cons le ed, 
wliicli are ciilied the equ o s of c dtonfo the o culator clr, 
. a-" and ;/" niay, in s cce son be m le tj epresent eve p lit 
lit' liie given curve, e u a o t tl lisl es an J wr te tl c jua- 
tiun thus, 

(.-.)• + (y-,8)' = S' (1), 



-f (>-!>} P), 



in which, it must be recollected, x and y are the co-ord in rites of 
the point of osculation, a and 3 the co-ovdi nates of the centre of 
the osenlatory circle, and R its radius. 

Substituting in (1) the value of x — a, and reducing, we 

whence, by the substitution of the value of y — /3, 

It = ± ( ■^^' + (f'/-)' 
dxcf';/ ' 

which ia a general vakie for the radius of the oscillatory circle. 
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If z denote the arc of tlie given cun'o, then 

dz = Vdx^ +' dff' Art. (90); 

hence, the above expression foi' R becomes 



100. If ffl denote the angle made by the radius of tlie osciila 
tory circle drawn to the point of osculation, with a fixed line a 
OP, M and M' two consecutive points, and 
MC and M'C the corresponding radii inter- ^'' 

secting at C, then 'Y\iC 

JIC = K, JIM' = dz, nn' =- d<f \ j ,* \ 



md we have 



wC : MC : : nn' : MM', 
1 : R :: dif : d^; 



-. IW^p, 






E : 



101. Let A be any point in the plane 
of an oscillatory circle, C its centre, MP 
a tangent at tlie point of osculation, and 
AP a perpendicular to the tangent. Join 
. AC, and denota CM by E, AM by r, 
and AP by p) then 




AC 



: R" 



- 2 )R & 



; AMC ; 
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Differentiating, since AC and R are constant a 
one point of tlio circle to another, we have 



103. If two lines have the first order of contact, or are simply 
tangent to each other, thej are said to have two consecutive points 
in common. If they have the second order of contact, they have 
three consecutive points in common, and so on. 

I^ then, M, M', and M" be any three consecutive points of a 
curve of double curvature referred to the a\es AX A\, and AZ, 
the ciicle passing througli 
these pomta, hai ing itfl 
centre at C, ivill be the 
oscuiitoi} cikIc of the 
Lur^e It IS BOW proposed 
to determme a general ex 
pie'ision foi its raiius De 
note the co-ordinates of M 
by r, y, and z; the co- 
ordinates of M' will then 



/' 


\ 










lliil 


-i\ 




J^^~- 






IP 














T 














\ 


'■-V' 








'^ 










_-_ 




.^< 










X 


X 







Differentiating these, we have 
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dx + d'x, dy + d^y, dz + d^s; 

and adding these to expressions (1) respectively, we have 

X + idx + d'x, y + 'Idy + d^y, z + 2& + d^z, 

for tiie co-ordinates of M", Produce the element MM' to N, 
making M'N = MM' ; then tlie co-ordinates of N will be 



These co-ordinates of M" and N being substituted in the gen- 
eral formula 



D = ^/{x~x'Y -f {y-y'Y + {z 
will give 



With M' as a centre, describe the arc NO ; then, from the ele- 
mentary triangle NOM", we have 



NO := Vfir'N' ~ M"0'; 
or since, the arc being denoted by s, MM' == ds and M"0 ■=■ d' 

NO ^.V{d'xy + (d'^+~(d'7y - C'''"^'- 

The elementary triangle NM'O being similar to MM'C, ^ 
have the proportion, 

M'N : MC : : NO : MM', 
or 

ds : U : : tfO : ds; 

whence 

10 
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" NO ■ 



/R^r + (<i'yy + w'^)' - i^'^y 



the expi'ession sought, in which either variable may be I'egarded 
as the independeEt one. 

If the curve become of single curvature, its plane may be t^iken 
as the plane XY; z will be equal to 0, and the above expression 
reduce to 

E = --- '''• (3), 

V(j-:r)' + {d;y - {d;y 

the most general expression for the radius of an oaeulatoiy circle 
referred to rectangular co-ordinate axes in ite own plane. 

If in this, s be regarded as the independent variable, rf's = 0, 
and the expression becomes 



If p be the independent variable, rf^y — 0, and expressii 
(3) becomes 



But 

ds' = dx' + di/''; 

differentiating this, d>/ being constant, we havi 



Substituting this in (4), and reducing, we obtain 



{d,)^^ 



..Google 



, CALCULUS. 147 

If X be the independent Viiriable, a similai' process will give 
.he same expression as m Art. (99), since iu tliis ease s represents 



103. Since the curve and osculatory circle at a given point 
have a. tangent jn common, they must also have the same noraia! ; 
but the normal to the circle passes through its centre; the normal 
to the curve must then, pass through this centre ; or Uie radius of 
the osculatory circle, drawn to the point of oseulalion, is normal to 
the curve. 



104. Let EB' be any curve, and CC an 
arc of the osculatrix of the fiist order, at M. 
Since in tbis case A' = 0, the expression 
for M'M", ^rt. (95), 1 



M'M"= A"— + A'"^-^ + &e (1); 

in which, h being infinitely small, the sign of M'M" will be the 
same as that of A", whether h be positive or negative ; that is, 
M'M" and m'm" will have the same sign ; hence, if M" is below 
the curve BB', m" will also be below, and the converse ; and the 
osculatrix cannot intersect the curve at M. 

If the contact be of the second order, we have also A" = 0, 
and 

vhich will have the same sign as A'" when h is positive, and a 
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contrary sign when h is negative ; that is, M'M" and m'm" have 
contrary signs; !ie«ce, if M" is below the cnrve BE', m" will be 
above it, and the converse; and the oscitlatrix must cut the curve 
ot M, 

It may be shown, in the same way, that any osculatrix of an 
even order intersects the surve at ike point of osculation ; wliih onf 
•f an uneven, vrder does not. As, when the order of contact is 
o\-en, the first term of (1) will coiitain k with an odd exponent, 
and wili therefore change its sign when A becomes — k. This 
will not be the case when the exponent of h in the fii'st term of 
(1) is an even number. 

The oscillatory circle, however, does not intersect at tliosc points 
about which the curve is symmetrical with its normal. For, ordi- 
nates being drawn from the points of both, perpendienlar to the 
common normal, if the oi-dinate of the curve on one side is greater 
than the corresponding ordinate of the arcle, it will be so on the 
other side; as may be seen in the tigui'ey 
in which, if j7n > po, then ^' > po'; 
or if pi < po, then pn' < po'; hence, 
in thia case, in the vicinity of the point 
M, the cirele lies entirely within or en- 
tirely without the curve. In these cases 
it will be found that the wder of contact 
of the circle is odd, and higher than the second ; for, unless 
A"'= 0, the circle mnst intersect, as shown by the preceding 
demonstration. 

Since the osculatory circle has a more intimate contact witli a 
curve at a given point than any other circle, it will necessai'ily 
separate those circles which are tangent without the curve from 
those which are tangent within. 



105. Ths curvature of a curve at a given point is itf tendency to 
depart from its tangent at that point ; or is tke_ angular space in- 
cluded between the curve and its tangent. Thus, of thti two curves 
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AC and AB, having the common tangent AD, i— i;^— — -n 

the former has a greater tendency to depart from ""\\ 

the tangent, and has the greatest eurvatiire, eince 
the angular space DAG > DAB. 

The curvature of the circumference of a circle is evidently the 
same at all of its' points ; but of two different circnmferences, that 
one curves the most which has the least I'adius; as in the figure, 
the tendency of ahd to depart from the 
tangent is greater than that of ab'd\ and 
this tendency plainly increases as the railins 
decreases, and the reverse ; tliat is, the cur- 
vature m tiBO di^ereiit circles varies inverseli/ 
as tieif radii. 

This being the case, the expression -jr- may be biketi as the 

measure of the curvature of a circle whose radius is E. 

Since the contact of the osculatory circle with a curve is so 
intimate, its curvature may bo taken for the curvature of the curve 
at the point of osculation ; and the two in the immediate vicinity 
of this point may be regarded 
to compare the curvatures at dif- 
ferent points of a curve, we have 
only to compare the cuiTatures of 
the oscnlatory circles diawn at these 
points. Thus, in the curve MM', 





curvature at M : curvature at M' ; ; 



106. The radius of the osculatory circle at a given point of a 
curve is called the radius of curvature, at that point; and the 
centre of the circle is the centre of curvature. A general expression 
for this radius is given in article (99), and it may bo found for any 
particular curve by differentiating the equation of the curve, and 
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anb t tut n^ the derived expressions for dy and d^y 



If the value at any particular point of the curve be required, 
for x and y in the expression just deduced, substitute the co- 
oi-diuates of the particular point. 

As only the absolute length of the radius of curvature is re- 
quired in determining the curvature of cui'ves, we may use either 
the plus or minus sign of the formula. It is best, in general, to 
use that which, taken with the sign resulting from tlie expression, 
will make E essentially positive. 

Let it now be reqnii'ed to find the general espression for the 
radius of curvature of Conic Sections. 

Their equation is 

(» + T^x)dx 
y' = 2yj! + r^x^; whence dy = — _, 



..' + ,r = hl±ip^^M3A^:. 



rf. ^ r' >/dx'-{p + r'x)d.td>j ^ [r'y' ^ (p + r'xy-\d.r' 

These expressions substituted in the formula give, after re- 
duction, 



the numerator of which is the cube of the normal, Art. (85), 
Hence, the radius of curvature at any point of a conic section, is 
equal to ths cube of the normal divided by tlte square of half ike 
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parameley, and tlie radii at differt'iit points arc to each other a 
the cubes of tlic corresponding uormals. 

If in (1) we moke a; = 0, we have, at the principal vertex, 



which for the ellipse and hyperbola is — . 

The radius of curvature at the vertex of t!ie conjugate a 
tho ellipse, is obtained by substituting in (1), 



B ^ -7- = one-half the parameter of tlie conjugate a,. 



It may be readily showit that p is the least value of K ; there- 
fore the curvature at the principal vertex of a conic section, Ja 

greater than at any other point. Likewise, j- is the greatest 

value of R in the ellipse ; hence, tho curvature of the ellipse m 
least at the vertex of the conjugate axis. The curvature of the 
other two curves diminishes as we recede from the vertex. 
For tho parabola r' =: 0, we then have 
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107. If, at the different points of a given curve, osculatory 



circles be drawn, and a : 




traced througli their centres, 
the latter is called the evolute of the 
fonner, which is ike involute. Thus, 
CO" is the evolute of the involute MM". 
Points of the evolute may always be 
constructed hy drawing normals at the 
different points of the involute, and on 
each of these normals laying off the 
corresponding value of K, deduced as in 
article (100). 



108. If a and /}, the co-ordinates of the centre of the osculatory 
cirele, be regarded as variables, thoy will deterniine all the points 
of the evolute; but a, /3, and K, are functions of a; and i/, the 
eo-ordinates of the points of osculation ; and the relation between 
these five variables is expressed by the three equations of Art. (9i))> 
which may be written thus, 

{^~ay + {y-ay = Il'....(l), 

{x~ o.)dx + {y-?)dy = (2), 

{y~^)dhj + dy^ + dx' = (3). 

If we differentiate (1) and (2), regarding all the quantities, 
except dx, as variables, we obtain 

{x ~a.)dj: + (y — l3)dy — {i: — a}da - [y — li)d(i = ErfK, 

dx^ + dy^ + {y ~ t3)d''y — dxda. — dydfi = 0, 
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and these, bj means of equations (2) and (3), aro reduced to 



„)ia - (y- (3)^/3 : 



Equation (5) gives 






— — is the tangent of the angle which a nonna! to the invo- 

Iuf« at the point (jr, y) makes with the axis of X, Art. (84), and 

-t- is the tangent of the angle which a tangent to the evolnte at 

the point (a, /J) makes with the same axis; hence, these angles 
aro equal. But tho normal at the point (x, y) passes through 
the point (a, |8), Art. (103); therefore the normal and tangent 
form one and the same lino ; that is, the radius of curvature ix 
normal to the involute, and tangent to the evolute. 

The evolute may therefore be constructed by drawing a eune 
tangent to the normals at the different points of tho involute. 

From what precedes,. it is plain that the evolute may be re- 
garded as formed by the intersections of the consecutive normals 
to the involute, and that the point of intersection of any two con- 
secutive normals may be taken as the centre of the osculatory 
circle, which passes through the two consecutive points of the 
involute at which the normals are drawn. 



109, Equation (6) of tlie preceding article, combined with (2), 
gives 



J (v - »)■ 
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Substituting tliia value in (1), we have, aftei- redaction. 



{¥- n^ 



, {da^ + rfg') _ 



Substituting the same value in (4), reducing aud squaring both 
members, we obtain 



iv-^y 



{da' + dS'V _ 



Dividing tliis by (7), membev by member, and taking the root, 



Vda' + rf/S" = dR. 
But if g represent the arc of the evolute, we have 

A = Vda' + d^' Art. (90) ; 

dR = dz, and R = s + c Art. (16). 



110. If any two radii of curvature be drawn, as one at M' and 
the other at M" ; the fii'st being denoted 
by R, the Becond by E', and the corre- 
sponding arcs CC and CC" by s and s', 
we have 




E' : 



' + . 



that is, the difference betmeen any two rad'i of curvature is equal U 
the arc of ilm evolatg intercepted between ikeni. 
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If in tlie equation K = a +'<■, ive make ? = 0, and denote 
by f, tlie corresponding valne of E, we shall have 



that is, the constant c is always equal to the radius of curvature 
which passes through the point of the evolntc, from which its are 
is estimated. 



If we estimate the evoluto of the ellipse 
from the point C, we iavo 



..Art. (106); 




If the evolute and one point of the involute he given, and a 
thread he wound upon the evolute and drawn tight, passing 
through the given point M, when the thread is unwound or 
eviilaed, tiie point of a pencil first placed at M will describe the 
involute; for by the nature of the operation, CC is always equal 
to M'C ~ MC. 



111. The equation of the evolute of any curve may be found 
thus ; Diiferentiate the equition of the involute twice ; deduce' 
the expressions for dy and rf'v ind substitute in the equations 
(2) and (3), Art (99i, 
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' " - d', >-" 

combine tho results, wliich will contain the four variables, a, ,8 
a:, and y, with the equation of the involute, and eliminate a- and 
y ; the final equation will contain only a, ,8, and constants, and 
will therefore be the required equation. 

As an exarnple, let it be required to find the equation of the 
evolute of the common parabola. 

T!ie equation of the involute is 



whence 









Substituting these values in (1) and (2), and reducing, we ha 
„ _■ /3 z^ ^ + „, whence ~ /3 = -.-■■■{i 



and putting for y, in (3} and (4), its value V'^p^ — i?-l>Y ' 
we have 



: ^ a = - 2x ~ p, 
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Tre vaJae of a; = - (a — p) t;ikcn from the first equation, 
vid substituted in the last, gives 



which ia the required equation. 

If we make ;S = 0, we have a = p, and laying off 
AC =' p, C will be the point at which the ^^-■ 

evolute iHcots the asis of X, If we trans- 
fer the origin of co-ordinates to tJiis point, 

« = p -f a', 13 = 0'; 

hence 



2lp 

Since every value of a' gives two values of (3', equal with con- 
trary signs, the curve is symmetrical witli tlie axis of X. If a' 
be negative, fS' is imaginary, and the curve does not extend to 
tlie left of C. , The branch CC belongs to AM, and CC" to 
AM', 



Envklofe9. 




represent a curve given in kind only, a being the only arliUrary 
constant in the equation. If a be regarded as variable, and be 
changed so as not to change the form of the equation, we may 
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obtain an infinite number of (Mirves of the same species as that 
I'epresented by (\). If a be increased by da, we shall evidently 
obtain the curve of the species which is consecutive with the first, 
liy increasing a again by da, we shal! obtain the next consecutive 
curve, and so on. In genera!, these consecutive curves will inter- 
sect each other two and two, and by their intersections form a 
neiv curve, which, is called the envelope of the species represented 
by equation (J). 

113. To esplain the mode of obtaining the equation of this 
eiivdiopc, we substitute, in equation (1) of tlio preceding article, 
H + da for Q, and obtain 

u' = f{x,-^,a + da) = 0; 

oj- by Taylor's theorem, Art (35), 

du , d^ii dii" , , , 



i since, da being infinitely small, all terms after 
rejected, equation (1) becomes 






■ m, 



which is the equation of the first consecutive curve. 

If this be combined with equation (1) of the preceding article, 
the values of x and j/, in the result, will be the co-ordinates of 
tlie points of intersection of these two curves ; and if tliey be com- 
bined in such A way as to eliminate a ; x and y will bo the co- 
ordinates of the points of intei'section of any two consecutive 
curves of the same species, or tbe general co-ordinatea of the 
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curve formed by these intersections. To obtain, then, the equation 
of the envelope of a curve given ia kind, we combine its equation 
with its differential equation, tahen with respect to the arbitrary 
constant, and eliminate the constant ; the result will be the re- 
quired equation, 

114. This elimination may be effected by deducing the expres- 
sion for a, in terms of x and y, from the equation 



• ■(1), 



and substituting it in equation (1) of article (112). This expres- 
sion may be represented by a ;= ip (»■, »/). 

If, then, in equation (1) of Art. (113), « be regarded as eqnai 
to ip {x,, ij), that equation will represent the envelope. If, under 

s supposition, the equation be differentiated, we have, for its 



differential equation. 



+ *;•'« ^ 



i + T-ij = Oi 



an equation identical with that obtained by differentiatjiig equa- 
tion (l). Art. (112), when a is constant. The expressions for — , 

deduced from these two equations, will then be the same ; Lenee, 
at the point of intersection of two consecutive curves, tlie tangent 
to the envelope will be the same as the tangent to tlie first curve ; 
or, the envelope is tangent to. the different curves of tlie species, 
hence its name. 
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115, Wc may illustrate by tiie following examples; 
1. Deduce the equation of tlie envelope formed by the intersec- 
tions of the consecutive right lines given by the equation 

« = y - «' - j= (1), 

when a varies. DifFeveD.tiating with respect to a, we have 
-?" h 



da " 



^f1- 



Substituting this value jn (1), reducing, and squaring both 
members, we have 



the equation of a parabola. 

3, Deduce the equation of the envelope of the parabolas, given 
by the equation 

{I + a') 3;' — 2apx + %py — 0, 

when a varies. 

116. Jf tho equation of the curve have two constants, we may 
limit the species of curves represented by it, by requiring an equa- 
tion of condition to exist between these constants, such as to make 
one dependent upon the other. In this case, the expression for 
one, in terms of the other, may be obtained from the equation of 
condition and be substituted in tho equation of the curve, and then 
the equation of the envelope of the species be deduced as in tho 
preceding article. Or otherwise, tiie given equation may be dif- 
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ferentiated, regarding one of the coBstanta as a function of the 
other; the equation of condition may also be differentiated under 
the same supposition, and then, by the eombination of tlie four 
equations, the differential coefficient and 'rionstanta be eliminated, 
thus giving the equation of the envelope. 

In the same way, the equation of the envclopo, when there is 
any number of constants with a piopec number of equations of 
condition, may be detertmned. 



1. Find the equation of the enve%e of the different I 
of aright line of given length, whichl is niovod with its extremities 
in two rectangular axes. 

Let I be tlie length of the liijei a 
and h the distances cut off froHi ^he 
ases of X and Y respectively. ; 'Eie 
equation of the lino may be put under 
the form 



+ r^ 



•(!)• 




From the condition of the problem, we also have 

<■■ + «• = I' p). 

Differentiating, regarding a as a function of h, wo.have 

ada + bdb = 0. 
Deducing from these the expressions for — , and equating, 
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a'y b 

6^ -a' 


,h.„e i 


Substituting, this in (l), v 


re have 



and since a' + t' = V, 

b^ = )/;', & =: y'yF. 

In the same way, we find 

« = -y^. 

Substituting these e\prosiions in (2), and reducing, we b 
for the equation ot the cim,lope, 



2. Find the equation of the envelope of a seiies of ellipses 
having the same centre, same co-ordinate axes, and same area. 
Let the equatdon of the ellipse be put under the form, 

1^ + ? = ' w- 

Since the areas are the same, n e must have 

«' = «• (2), 

c' being constant. By differentiating, &c., as in the precednig 
article, we find for the envelope, 

the equation of an equilateral hyperbola, referred to its asymptotes. 
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Api'lication of tiie Differkntial Calculus to tiie 

CoKSTRUCTIpN AND DISCUSSION OF CdEVE8, SiNGULAK 

Points. 

117. The most geiieitl dnision of curves is into the classes, 
Algebraic and Transcendental 

When the relation between the ordinate and abscissa of a curve 
can be expressed entirelj in alt^ebraic terms, Art (5), it belongs 
to the first class; an! -vihDn suolt relation cannot be expressed 
without the aid of transiendental quantities, it belongs to the 
second class. 

We have seen, in Analytical Geometry, the mode of constructing 
and discussing curves when their equaticns are given. By the aid 
of the Differential Calculus, this discussion may not only be sim- 
plified but much extended, and the nature, lorm, and properties of 
the curve be thus moie fully ascertained 

Oa many curves points are found, at which there exists some 
remarkable property not enjoyed by the other points of the curve. 
These are called singulai points Thej are entirely independent 
of the system or position of the co trdm'ite axes, and are easily 
discovered and characterized bj the Cilculua. 

A detailed discussion of the geneial equation 

,J = b + c(.-.)- (1), 

in which m is any positive number, will illustrate these principles. 

First : Iiet m be entire und eiien. 

Since every value of x, positive or negative, gives one real value 
for y, the curve is continuous, and estends indefinitely in tlie direc- 
tion of the axis of X. 

By the differentiation, &c., of (1), wo have 
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(m-l),(,-«)— ...(3), 



This value of x, when substllnteiJ in (I), (2), (3), Ac^ givea 
y = i, and I'ednces the successive differential coefficients to 0, as 
far as the «itb, which, if e be positive, beeomoa a positive constant, 
and is of an evon order; lience, y =i t is a minimum oisliiiate. 
Art. (10). 

dy _ 



J for X ~ a, 



3 have 



dx 



=: 0, the tiiiigent line at the 




extremity of this minimuna ordinate is parall 
lo the axis of X; and since (m and m ~ 
being even) for all values d x except x = 









_ are positive, the c 



its points is convcK towards the i 
Art. (80). 



at all of 
U rf X, 



If che negative; the mtii differential coeflicieDt will be negative; 

tnd X =: a and y := 6 will be the co-ordinates of a point at which 

ie ordinate is a maximum. In this case, the second diffei-ential 

coefficient for all values of x, cscept x — a, 

"" is negative, and the curve, for all positive 

\ values of y, concave, and for alJ negative 

~\ ■— values of y, convex, towards the axis of X. 
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H8. Second: Let m be enlire and odd. 

In this case, each vdue of x gives one real value for y; and 
each value of y, a real value for x; hence, the curve is unlimited 
iD either direction. 

When X = a, the first differential coefficient, as before, is eqiia! 
to 0; as also the second, third, &c. T!ie mtli, however, if c be 
positive, is a positive constant, and of an odd order ; there is then 
in this case, neither a maximum nor a minimum, Ai-t. (10). 

By esamining the second differential coefficient, v/a see (since 
m — 2 is odd), that for every value of s < a, 
it is negative ; that for ar = tt, it is ; and 
when a; > o, it is positive : hence, for all values 
of » < a, which give y positive, the 
concave towards the axis of X; and for all 
values of « > a, it is convex, as in the figure 
Therefore, at the point whose co-ordinates are a: = a and y = b, 
irve changes from being concave, and becomes 
axis of X. 



A 



If c he negative; the reverse will be the case 
second figure, at the point M, whose co-ordinates 
y ^ 6, there is a change from convexity to 
concavity towards the axis of X. Such points 
are singular, and are called points of injlexioii , 
In both cases the tangent line at the point of 
inflexion is parallel to the axis of X, and also 
cute the curve. 






II the 



119. Third: Let m be a fraction, the numerator and denomi' 
la.tor of which we odd, as |, 



Then 

dy _ 



y = 6 + .(^-«P, 



°5(.-a)i 
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^ = cc, &C. 



.1 be posi- 
tive, and for all values of a; > o, negative; hence, 
for all values of x less than a which give ^ posi- 
tive, the curve will bo convex, and for all values 
of X greater than a it will be concave towiirJa 
the \ fi 





If c he negative ; t! 


h 


fi 


The point M, whose 


te 


y 


1 both 


po 


wh 




\ tang 


pep 


h \ 




\ Wli. 


^ Ap< f 


>^ M « 




, fron 


he b>^ ne 


rv g 




w d y 








cik h poi db 






^ r, 




If the right line be 


ha b ^ 


P 


always be characterizi 




ddS ei 


Hal eoeffitient of the o 


F 


d 


the point is concave, J 


h th 


ft 


tial coefficient in one 


dff g 




ordinate, and in the o 


h 


P ^ 


must have changed. 






ond differential cooffic 


al 


fa 


The roots of the t« 






JS-. 






will then give all the value 


of the variable which 


can belong to 


P 


oints of inflexion. 
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It sometimes happens that a point of inflexion lies on the axis 
of X, as in the second case above discussed when 6 ^= 0, In this 
case X — a gives 

y = 0, and -f = 0, 



and tie corresponding point M is a point of ir 
flexion, at which both the second diff 
coefficient and ordinate change their si 

It is evident, fi'om the preceding disc 
that if any I'ight line be drawn through a point ' 
of inflexion, tlie curve on both sides of the point will cither bo 
convex towards tlic line, or concave. 

120. Fourtli : I/el ra be a fraction viilh an even numerator, as |. 
Then f/ = b + c{i>: - a)\ 



■■ 3(^-.)i' 


5? - 


'H.-af 


give, 






y = 6, 


dx ' 


dx' 


le ^dtive ; for 


"" ^ "' dX 


will be negative, and for 


it will be positive 


1 ; hence at the 


point whose co-ordinates 

sf. i'.hano'fi its Ricn fpntn 



V' 



minus to plus, which change indicates a Jiiinimum oidinate, 
Art. (69). 

If c he Mgative ; the reverse will be the case, there will be a 
change of sign from plus to minus, and the ordinate will be a 
maximum. 
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In the first case, the second differential co- 
efficient for all valuea of « is negative, and the 
ordinate positive ; the curve is therefore con- 
cave towards the axis of X, as represented in 

%•(<■)• 

In the second case, -yy is always positive. For all positive 

values of y the curve will then he convex, and for all negative 
values of y concave, as in fig. (b). The tangent 
at the point M is in both cases perpendicular to 
the asis of X. 

The point M is singular, and is called o ni^. 
It is a point at wliiich the curve, when inter- 
rupted in its course in one direction, turns immediatdy into a con- 
trary one. 



121, Fifth : Let m be a fraction with an even denominator, as |-. 

Since the denominator of the fraction indicates that the 
square root is to he taken, the double sign ± must be placed 
before {x — a)^, and we then have 

y = b± .(^-«}? 



alu of a < a gives y imaginary; x = a gives 

nd j; > a gives two values, one greater and the 

than b There is then no point on the left of that one 

d n t 3 X :^ a and y = 6 ; hut on the right 

p t tl u e must extend indefltiitely, and consist of 

:ihs 
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the tangent at M is then parallel to the axis 
of X. 

Eacb vahie of x > a gives tivo values for 

-T-^, the one positive corresponding to the 

greater value of y, and the other negative; Bence, the upper 
branch is convex, and the lower, until it crosses the axis of X, 
concave, as in the figure, and the point M is & cusp. 



122, Let us now take the equation 
rom which we deduce 



^ = 2 ± - -^\ 
dx' 2 a 



When 2 = 0, we have y = 0. If a: be negative, y is 
imaginary. For every positive value of x, there are two real 
values of y, both of~which are positive as long as x' > x^ or 
a; < 1 ; after which, one is positive and the otJier negative. 






; also when 
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hence tlie axis of X is tangent to the curvo at the origin ; and 
the tangent to the lower hranch, at the point whoso ahacissa ia 

— , ia parallel to the axis of X. 

of -j^ belongs to the upper branch, and ia 
The second value ia also poaitive as long as 
t < j'j*^ after whuh it is negati\e 

The origin is tlit,n ^ cusp, at which 

both branches he on the same side of 

the lommon tangent, and is of the 

suQiid iperie\ thoae hcfore discusspi 

being of the first ipfues The point ot the lower hnnch whose 

a'sV '^ * point ot inflexijn 




123, From the equation, 



YSZ 



^ -{- bx' = 0, 

dx ' 



' 2V<x(x~b)' 

Since x = gives y — 0, the origin A is a point of the curve. 
All negative values of x make y imaginary, aa also all positive 
values less than b ; hence, A haa no consecut e 
poiut. Such points, given by the eijuit on ot 
a curve, hut having no consecutive pjints on 
cither side, are singular, and are called tinlat d 
or mnjugate points. 

Suhstltuting for x in the expression -j-, 

it reducea to 
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an imaginary expression ; and, in general, at a conjngate point, 
on« or more of the differential coeffcimils, of the ordinate must be 
imaginary, since y', the consecutive ordinate, when developed as 
in Art, (35), can only be imaginary under this supposition. 
If we take tte equation, 

whence 

y = ± - i/^' - a', ~ = ± . ,-. r 



X ■= Q and y = will satisfy the equation, while no other value 
of X, numerically less than a, will give real values for y. The 

origin is then a conjugate point. In this case, for x ■= 0, -~ 

reduces to 0. If the second differeutial coefficient be tahen, it 
will, for !K =1 0, reduce to an imaginary expression. 

124. Take the equation, 
*nA suppose a > c. By difFerentiating, wo derive 



if 



= ± Vi"^. 



dx 2 y"^ ™ c 

For every value of a: < c, except x = ii, y is imaginary. 

dy 
For X = c, y =: b, and -^ — co . 

For every value of a; > e, there are two real values of y. 

For X := a, y — b, antl — - — zb Va - 
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and at the corresponding point M tliere are two tangents, ona 
making an angle, the tangent of which ja + va — e, and 
the other — v'a — c . The 
point M is singular, and belongs to 
a class called multiple points, or 
points at which two or more branches 
of a curve intersect. If but two in- 
tersect, the point is a double moltiple point ; if three, a triple ; and 
so on. Since there will ba a separate tangent to each branch, at 
one of these points, it will be characterized by two or more values 
of the first differential coefficient, for tlie same values of the variables, 

If ffl < e, X = a, and y = 6 give a conjugate point. 

125, We wiil close the discussion of algebraic curves by con- 
structing the curve given by the equation 

o^' ~ x^ + (b — c)x'' + hex zz; 0; 

dy 3«' - 2:x(b — c)~ he 



= /iE 



' ^^ 2Vax(u:-b)(x + e)' 

Eacii of the values, a; = 0, a; = 6, » = — c, gives y i^ 0, 

Every negative value of r, numenLally greater tlian i", gives y 
imaginary ; while every such value le=s tian c gives two equal 
values of y with contrary signs E^ery positive value of ^ < 6 
gives t/ imaginary; and every such ^alne greater than h, gives two 
equal values of y witK contrary signs. The curve is then symmet- 
rical with reference to the axis of X. 



Each of tlie values, x = 0, x := b, x = — c, redut 



* 



hence, at tlie three corresponding points the tangent is perpendic- 
ular to the axis of X. 
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By solving the equation, 

3a;' - 2x{b - c) — ha = 0, 

e stall lind two 1 1 f poeitivo and the other 

n gat n I thus d t« m h j t at which the tangent is 
pa II It til a of X Til E t 'aliie \vill be found to bo 
1 tl-a 6 a d h n 11 no 

p t f th Th t e 

I num alh 1 than a i 

two p nts, D al a 1 tl ^-''~~^' 

tl b 1 tli a f \ Th ' [^ X 

a nay tl n b 1 tl 

figQ n wh 1 \r = - 1 

AB = b 

If c = 0, the equation beuoinos 

By' — a;' + bx^ = 0, 

and the oval AC reduces to the conjugate point A, as in article 
(123). 

If 6 — 0, the equation becomes 



and the curve takes the form indicated in figure 

(i), the origin being a double multiple point, since ,^ 

-— becomes equal to i: y -. 



If h and e are both equal to 0, the equation becomes 
K!/' — x" = 0; whence y = =t y — , 

and the curve will be as. in figure (c), the point A 
being a cusp of the first species. 
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126. One of the most important of tte iranscendenlal cwven is 

The LoG-AKiTHMro Cokvk, 

so named because it may always be refciTed to a set of co-ordinati» 
i'.xcs, BucL that one co-ordinate will be the iogarithm of the othoi-. 
Its equation is naually written 

y = !og.r, 

or, if a. be the base of the system of logarithms, 




Thoc 



s givei 









may be constructed by laying off on the asia 
of X the different numbers, and on the cor- 
responding perpendiculars the logarithms ot' 
these numbers. Or it may be constnicteil 
from the equation x ^ a", by making y = ^, 
f, \, Ac; whence, the corresponding values 
of X are 



: A « = « V';, 



: y-;, ic. 



When y ■= 0, s; =i 1. This being tlie case for all eystems of 
logaritbma, shows that all logarithmic curves, when referred to the 
same axes, cut the axis of X, or axis of numbers, at a distance 
from the origin equal to unity. 

If a > 1, and a; > 1, y is positive, and increases as ic increases; 
if a: < 1, jf is negative, and increases numerically as x decreases, 
until X =: 0, when y := — co . If a; be negative, tliere will be 
no corresponding value of y. The curve will then be of the form 
indicated by the full line in the figure. 

If a < 1, the' reverse will be the case, and the curve will ba 
representod by the dotted line. 
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127. If now we differoiitiatc the eqiiatiou y = log.r, M being 
tbe modulus, wo deduce 



;, the tangent at the corresponding point is the a\is of T ; 
inee for a: == 0, y = — co , this tangent is an asymptote. 



But ;i5 ~ 00 gives y = ro ; hoime, there is no tangent parallel 
to the axis of X, at a finite distance from it. 

The value for the subtangent on tlie asls of X is 

PT = y^ = log:.^. 
" dy ^ M 

If tlie subtangent bo taten on the axis of Y, wu have 

8S' = ^% = Ji; 

that is, the subtangent on the axis of logarithms ii constant, and 
equal to the modulus of the system iu which the logarithms ai'C 
taken. 

If M = 1, SS' = 1 =: AB. 

Since, when a > ], -r-^ is negative for all values of x, the 

^art EM is concave towards the axis of X, and EM' convex. 

"When a < 1, M is ne<;ative, -~ will be positive, the part 
" da' ' "^ 

Eni' convex, and Bm 
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k-e given by the equation 

y — x.l«. 

Each value of x gives but a single value of y. 
For values of a > 1, y is positive; for values of k < 1, y is 
uegative ; and for small values of a:, decreases numerically and 
approaches the limit 0, which it reaches when a; =: 0, Negative 
values of a, give no valacs for y. The origin is then a point of the 
iterrupted in its course, but does not turn 
at a cusp. Such points arc called Urmi- 



curve at which it 
into a contrary on 
nating points. 



The value x = 1 gives y ^ 0; 
hence, the curve cuts the axis of X at 
a distance from the origin equal to 1. 

Differentiating the equation, we have 



dy 



Ix + 1, 



d'y . 



Placing to 4- 1 : 



which corresponds to a minimum value of y, Art. (70). 

At the point B, -j- becomes equal to I, and the tangent 

makee an angle of 45° with the axis of X. Between the points 
A and B the curve is concave, and from the point B it is convex 
towards the axis of X, Art. (86). 



129. Let 



Each valuf 
gives y = \, 



jives a single positive value of y, 
■ decreases, y decreases, until x = 
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y == 0. If ic be negative and infinitely small, y is infinitely great, 
and a 



ically, y decreases, until 
X ■= — ro gives y ^= \. 
At the origin the curve is 
interrupted, as in the pre- 
ceding article. 

Differentiating, we have 



For a 






, and tie axis of Y is an asymp- 
For ffi - oD or — ro , 
becomes 0, and the line OS at a distance from tlie axis of X 
equal to I, is an asymptote to both branches. For all negative 
values of x, ~j is positive, and the curve convex towards the 
), for all positive values of a < -i. For x = \, 
becomes 0, and is negative for all values of 3^ > -1^. The 



tote of the left-hand branch of the c 






point M, whose abscissa is i, is a point of inflosiou, Art. (119), 
and beyond this point the curve is concave towards the axis of X. 



130. Another singular point is given by tlie equation, 

y t= b -\- X tau"~' -, 
rhence 
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Each value of x gives but a single value for y. For valuea of x 
which are numerically equal, one positive and the other negative, 
the coiTcsponding values of y are 
ce, the curve is symmetrical 
with respect to the . axis of Y, and 
X -^^ G gives y =: b. 

For all positive values of x, — is 

K is diminished to 0, 




(IL.- 



For negative vaines of x, -r- Ja negative, and incretraes nu- 
merically as X is thus decreased to 0, when we have 



(IL— (-^) = 



i»-'{-«) = - 



We thus have two branches terminating at the point M, not 
tangent to each other as at a cusp. Ttis, which is but a particu- 
lar case of a multiple point, is called a salient point. 



131. The most remariable transcendental c 



■which is generated by a point in the circmnference of q 
when the circle is rolled in the same plane, along a 
strtoght line. 
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Let AB be ike given lice, and suppose tlie circle to have been 
placed upon it, so that the generating point was at A, and then 
to have been rolled to the position EME, 

Tlie generating point now at M, baa generated the arc AM. 




Take the origin of co-ordinates at A, and lot AP = x, 
PM = y and EE, the diameter of tJie generating circle = 2r; 
then 

AP = AE - PR (1). 

But since every point of the circumference from M to E, as 
the circle was rolled, came in contact with AR, we have 



PK = MN = VlIN X NE == Vl/(2r ~ y) = V2ry - y'. 

Substituting the values of AP, AE, and PR in (1), we have 

X = ver-sin-'y — Viry — if (2), 

which is the equation of the Cycloid. 

After the circle has been rolled over once, every point of the 
circumference will have been in contact with AB, and the gener- 
ating point will have arrived at B ; we have tlien 



AB = 



iwference nf generating circle ■ 
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The given line is called the base of the Cycloid, and the line 
CD = 2r porpendjcular to AB at its middle point, is tlie axis. 

If the rolling of the circle be continned beyond the point B, an 
infinite number of arcs, each ei^nal to ADB, will be generated. 

Every negative value of y in equation (3) maies x imaginary; 
hence there is no point of the curve below the axis of X, 



give 



: AC. 



Every value of y > 2r makes x imaginary; hence the great- 
est ordinate of the curve is equal to the diameter of, the genera- 
ting circle. For the points of each branch between D and B, 
the essential sign of the radical must evidently be plus. 

By differentiating (2) we have, Art, (44), after introducing the 
radius r, 

J, ,-__-:^ ■- " '1-, 

■r reducing 

i}r = 

V2ry 

which is the differentia! equation of the Cycloid. 

132, Substituting the preceding value of dx in the fDrmnlas of 
article (86), and reducing, we have 



rdy 




rdy 


^'Iry - 


y 


' V2r 


dx - - 




ydy 



Subtanffent, PT : 



V^ry — f 
yvlry 



Subnormal, PE = V^ry — y\ 



:yG00g[c 



DIFFEBEKTIAI, CALCULUS. 181 

mrmal, IIK = V^. 

Since tiie sabnonnai PR — Viry — y' ~ MJf, the diameter 
ER and normal MR intersect the base at tlie samo poiot. Hence, 
to construct the normal at a given point, join it with the point 
at which the corresponding position of the generating circle is 
tangent to the haae. Or, apon the greatest ordinate CD as a 
diameter, describe a circle, and through the given point M draw 
a line parallel to the base ; from t!ie point F in which it cuts the 
circle, draw the two chords CF and DF to the extremities of the 
diameter; aline through the given point parallel to CF will be 
the normal, and one parallel to DF the tangent. 

If it be required 1o draw a tangent parallel to a given line, as 
T'T", draw the chord DF parallel to the given line, from F draw 
FM parallel to the base ; the point M is the point of contact, 
through, which draw a line paraHel to T'T", 



133. From equation (3), article (131), we have 

^'j _ V^^y — y' _ i/^- \ 



(1)- 



which becomes C Leo i/ = 2 nlcowlny=:0 hence, at 
the extremity ot tl e greatest ord at th ta g t b (.a allel to 
tbe base; and at tl e po ots A B &c where the c rve mceta the 
base, it is perpend euiar 

If we square both members of equation (1), we have 



Differentiating both members of this, we hai 
Idyd^y Irdy d^ i 
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This Eecond differential coefficient being negative for all values 
of y, the curve is concave towards the axis of X, Art. (86). 



134. Siihstituting the values of dy and d''y in the expression 



E = - (-'"•+_■'?')' , 



e obtain 

nrydx-'^ 



or since V2ry is the expression for the normal, Art. (132), the 
radius of curvature is equal to twice the no-rmal al the point of 

If' !/ 1= 0, R =:= 0; and if y = 2r, E ^ ir; 

hence, the radius of curvature at A (see figure in next ai'ticie) is 
equal to 0; and at D is 4f; therefore, Art. (110), the arc 

A A' = 4r. 



J35, To obtain the equation of the evolutc, lot us substitute the 
values of dy and d^y in equations (l) and (2) of article (111). 
After reduction, we find 

y - 13 = 2y, ic - a = - 2 V^ry - y''; 
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These values, in the equation of the involufe, Art. (131), give 



I + i/- 2r(i - (i' (1), 



I'nr the required equation. 

If we produeo DC to A', making 
CA' = DC, and tLen transfer the 
origin to A', the new axes heing 
A'X' and A'D, and the new co- 
ordinates a.' and j3', we shall bavo 
for any point, aa M', 



AG = <x, GM' = - a, 

A'P' = «', FM' = /?'. 

Sinco AC = Trr, and CG = A'P', 



and since GP' = 2r, 

GM' = Ir - H', or - = 2r - p'. 
Substituting these values in (1), we have 



->(2r-/3') + V^rp' ^ 0'', 



equation becomes 



,r-sin-'(2r-/3') - V2r/3' - (3'^; 
-'(2r — P') = ver-sin-'/?'; hence, the h 
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which is the equation of the evolnte referred to the new axes, and 
is of the same form and contains the same constants as the equa- 
tion of the involute ; therefore the two cnrves are equal. 

Since arcAA'=4r, its equal AD = 4r, and ADB = 4.2r; 
that is, equal to four times the diameter of the generating circle. 



Polar Ctjetes. Sfikai^. 

136. In Analytical Geometry we have seen, that wo may obtain 
the polar equation of any curve, given in teims of roctangalar 
co-ordinatos, by substituting for these co-ordinates tJieir values, in 
terms of the polar co-ordinates, taken from the formulas 

X ^ a + reosv, y = h + r»hv....{]). 

Also, if we have the differential equation of the curve, or any 
expression containing the differentials of the variables, we at once 
pass to the corresponding equation or expression in terms of polar 
co-ordinates and their differentials, by substituting for x and y the 
above expressions, and for dx and dy the expressions below, ob- 
tained by differentiating equations (1). 

dx = coivdr — rsJnvdv, 

dy t= sinvdr + r coivdv. 



137. If a right line be revolved uniformly, in the same plane, 
about one of its points, a second point of the line continually 
approaching, or receding from the fixed point, in accordance with 
some prescribed law, will generate a carve called a spiral. 
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The fixed point is called the poh or eye of the spiral. The 
portion of tbo spiral generated while the hne makes one revolution, 
is called o spire ; and since there is no limit 
to the nnraber of revolutions, the number of 
spires is infinite, and any straight line drawn 
through the pole of the spiral will intersect it 
in an infinite number of points. For this 
reason, the relation between the ordinate and 
abscissa of a spiral cannot be expressed alge- 
braically, Art. (in). "" 

The system of polar co-ordinates is generally nsed to dcterraine 
the diflerent points of a spiral, and its equation may be repre- 
sented by 

' = /(»). 

in which r denotes the radius vector, and v the vaiiabla angle. 




g the particular spirals, it will be necessary 
to deteiTOine general expressions for the subtangent., &c., and the 
differentials of the arc and area, in terms of polar co-ordinates. 

The subtangent in s ich cise is the part of the perpendicular to 
the radius vectoi of the pomt of contact intercepted between the 
pole and the piintnhere the tangent meets this perpendicular. 
Tins if A be the pole an I MT the tangent, AT \ erpendieular to 
AM IS the subtmgent To find the expressKn tor it, let the arc i 
receive the increment PP (AP being 
= 1) desciibe MC ^Mth the ladms 
AM = r Aivs the choids Mr ind 
MM , and the hne AT parallel to MC, 
and produce MM' to T'. From the sim- 
ilar triangles MM'C and M'Al", we 




M'C : MO ;: AM' : AT'; 



AT' = 



MC X AM' 



..(]} 
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Also, fi-om the similar sectors API" and AMC, 
1 : PP' :: AM : arcMC; arc MC = AM X PP'. 

Now, suppose the increment PP' = dv, then M'C = rfr, 
\rt. (88), M'' becomes consecutive with M, the secant M'T' 
coincides with the tangent MT, AT' = AT, AM' =: AM = r, 
and chord MC = arc MC = rdv. 

Making these substitutions in (1), we have 

AT = subtangent = ^^ (3), 

From this we deduce 

AT AT Tdv ^ .^™ 



The tangent ^YS = Vam' + AT° =: rfl + r''^. 
The siTnilar triangles AMT and AMll, give 



When M' ia consecutive with M, MM'C may be regarded a 
triangle, right-angled at C ; hence, 



MM' =: V^M'C' + MC'. 

But MM' is the differential of the arc ; therefore 

dz = y/dr'' + j-Vu'. 

If ADM be any segment; AMM' will be its increment when v 
is increased by dv. Calling the segment s, AMM' will then be ds, 
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and may be measured by the sector AMC. But the a 
sector, 



AMC = -AM X I 



139, An equation from which the particular & 
of the spirals may bo deduced, by assigning particular values to' a 



If » be positive, v ~ will give i- = 0, 

and the spirals represented by the equation have their origin at 
the pole. 



and the spirals have their origin at an infinite distance, continually 
approach the pole, and r becomes equal to only when r = co . 



and if )■' and v', r" and v", represent the co-ordinates of any two 
points of the spiral, we shall liave 



or the law in accordance with whicli the generating point must 
move is, that the radius vectors shall be proporiional to the curre- 
spoadiitg angles. 
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The curve thns generated is the Spiral of Archimedes. 

If we take for the unit of distance, tiie length of the radiua 
vector after one revolution; then r = I, v :^ Stt, and the 
equation gives 



1 : 



a. It:, 



1 



md the primitive equation becomes 



: — - ; whence 



This spiral may be constructed by dividing a circamference into 
any number of equal parts, as 8, and the radiua AB into the same 
number of equal parts. On the radius AC lay off one of these 
parts ; on AD two, AE three, &c. ; on 
AC eight, then again on AC nine, &c. 
The distance thus lani off will be propor- 
tional to the angles BAG, BAD, &c., and 
the curve through their extremities the 
rcquiiid spiral 

Substituting the values of r and dr in 
equation (2), Art, (138), we have 




AT : 



Siihloiigent ^^ — -. 



If w = Stt, that is, if the tangent be drawn at the extremity 
of the arc generated in one revolution, we have 

AT =: 277 ^ circumference of nteatnirinff circle. 

If V =: m. 2tt, or the tangent be drawn at the extremity of 
tlie arc generated in m revolutions, 
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tiat is, equal to m times the dr 
vector of ihe point of' contact. 
For the subnormal we find 



141. If 1 = -J, the general equation 



This equation being of the same form as tbat of the parabola, 
tlie curve given by it is called the Parabolic Spiral. 

It may be constructed by first constructing 
the parabola whose equation is y' ~ c 
and then laying off from P to B, C, D, Ac, 
along the circumference, any assumed ab- 
scissas, and from A to M, M', Ac, the coi 
sponding ordinates; the points M, M', i 
wiii be points of the spiral, since for each 



2r* 
The subtangent at any point i3 AT = —5-, 

142. If n ^= — 1, r ^ av' becomes 
and the spiral thus given is called the HyperhoUc Spiral. 
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If r' and )>', )■' and v", be tho co-ordinates of any two points 
of tlie spiral, we have r' ■= — , and r" = -77; whence 



1 



1 



r [he radius vectors a 



lersely proportional to the angles. 
_ If M he any point of the spiral, 
AM = r, MAV - v. 
The right-angled triangle MAP, 
MP 



Substituting this value of r in the equation rv = a, 



V is diminished, this value approaches i 
/H^\ _ j_ „jjgjj V ^ % we h 



If then, at a distance, AC — a, a line be drawn pai'allcl to 
AP, it will continnally approach the curve, and touch it at an 
infinite distance, 



■hlv 



The suhiangent AT = 

It is then constant, and equal to AC. Also 

^"- = tan AMT =^ ~ v 
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that is, the tangent of the angle made hy the tangent and radius 
veelor, is equal to the arc which measurea the angle made hy the 
radius vector and fixed li-ne. 

We may apply these properties to the construction of the curve 
by points, thus : With A as 
a centre and radius =; a, 
describe a cirele ; join any , 
point T with A, draw the ;_ 
indefinite radius vector AM \ ,■ 

perpendicular to AT. Make \^ _/ 

AD = arc PN; join D and ^' '' 

N, and draw TM parallel to DN, M will be a point of the 
curve; for by the construction 

AD = tan AND = tan AMT := arc NP. 



143. The apiral represented by the equation 



la called the Logarithmic Spiral. 
Differentiating, we find 





dv 


- 


Udr_ 




tan 


AMT 


„ 


rdv 


M; 



that is, the angle fm-nied by the radius vector mid tangent is con 
.ilant, and the tangent of this angle is equal to the modulus of tiit 
system of logarithms used. 

If the Napeiian system be chosen, M = 1, and AMT — 45° 
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Since v is tbe logaritlim of r, if it be inci'eased uniformly, so 
that the different arcs v, v', v", &e,, shall be in arithmetical pro- 
gression, then r, r', r", &c., must be in geometrical progression, 
and the curve may be constructed thus : 

y' -v \ With AO — 1 describe a circle, and divide 

^;Q'^ the circumference into any number of equal 

i .f^^Zy r- parts, and draw the lines AO, Ap, h.p\ 

\ ! &c. The distances laid off on these lines 

\ / are to be in geometrical progression, since 

the arcs Op, Op', Op", &c., increase by 
the constant difference 0^. To find the ratio of this piogression, 
let i; i^ 0, then r = AO = 1. Now make v — the arc O;?, 
and find the correspondiug value of r in the system of logarithms 
used, which lay off to m, then. 

Am ,, 

-tt; = the ratio. 

AO 

On Ap', Ap", &Ct lay off Am', Am", so that 

AO : Am : Am' : Am" : Am"' : &c., 

wi, m', m", ifec, will be points of the curve. 



Applicatioh of the Calculus to Sukfaces. 

144. Since the equation of every surface expresses the relation 
between the co-ordinates of its points, it must contain three varia- 
bles, and may be generally written 



or feincc Hither two of these variables may be a 

and the lemammg one determined from the equation, the latter 

maj be regaided as a function of the other two, thoy being en- 
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tirely independent of each other, and tlie equation of the surface 
be thus otherwise expressed, 



= /{','j)-- 



.(2). 



By the same course of reasoning as that in Art. (70), it may 
be pi'ovcd that every function of two variables may be regarded 
as the ordinate of a surface of which the variables are abscissas. 

In the equation of every surface considered, z will be regarded, 
aa a function of x and y ; and the co-ordinate planes will be taken 
at right angles to each other. 

The differential equation of a surface may then be obtained, 
either by differentiating equation (l), as in article {S'?), or by 
differentiating equation (2), as in article (52). By the latter 
method, ve obtain 






ay 



.(8). 



145, Let M be any point of 
a surface, a portion of which is 
represented in the annexed fig- 
ure. The co-ordinates of this 



: A6, 



I =■ Ac, 



:MP. 



Let a plane lw po&z^cu Luruu^u 
M, parallel to TZ, For every 
point of this plane, 

X =. Kh -. 



If, then, in the equation of the 
rarface, we make x — x", and 

suppose z and y to vary, they can only belong to points i 
curve rfMrf', the intersection of the plane and surface. 
13 
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In the same ■way, if y =: y", in the equation of the surface, 
and s and x vary, we shall have the curve eMN. 

If a and y vary at the same time, and receive t 
hb' = h and cc' = fc, we have 

M'F = s' = f{x + A, y + h), 

which may he developed as in Art. (48). 

When X = «", equation (S), Art. (144), give 



equations which evidently belong only to the section J^W par- 
allel to YZ. 

If )/ = y", the cor respond big equations lor tlie section par- 
allel to XZ are 

^ ~ --dx = pd'x, or — = p (5). 

dx ^ dx ' ^ ' 



The value of -r-, equation (4), is the tangent of the angle 

which a tangent to the section rfMrf', at any point, makes with 

the axis of Y, or with the plane XY; and —, equation (5), 

the corresponding expression for the section eMN; and since these 
angles are the same as those made by the curves, at the point of 
contact, with XY, they give the inclination or slope of the siirfaoe 
in the direction of these curves. 



14S. If it be required to £nd the slope of the surface at any 
point, as M, along the section MM' made by the plane MM'PP', 
WQ take tlie equation of this plane, 
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K being the tangent of the angle made with the axis of X by the 

trace FP', and equal to --- = -. 

Now, in order tbat z shall represent only the brdinates of points 
ill the section MM', the relation expressed in equation (1) must 
exist between tie variables x and y, and we must have 

which, in eq^uation (3) of article {144}, gives 
dz =1 {p + ftp') dx. 

I'ho limit of tfao ratio — — ppT— — ■ 's evidently the tangent 

of the angle (S) which the tangent, and consequently the curve at 
the point M, makes with PP', or with the plane XY. 
But since 



PP' _ Vp'Q' j^ pq' = hVl + 



the limit of which is 

p + "?'' 



%/l + «' " ■'■' Vl ■ 

To find the direction in which the section MM' must be made, 
in order that the slope at a given point M, along the curve cut 
out, be greater than along any otlier, it is only necessary to obtain 
that value of a, which will render the expression 
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a maxiinum, tte values of ^ and p' being taken at tlie given point 
M. Differentiating the expression witb reference to a, and placing 
the result equal to 0, we have 



{1 + .')* 






This value of o. suh'stituti^d in equation (1), (3 bein^ first deter- 
mined by the condition that the lino PP' shall pass through P), 
will give an ei^uation ■nhich, combined with that of the surface, 
will determine tho line of greatut slope. 



Equations of Tawgeht Plane and ITosmal Line. 

147. Tlie co-ordinates of a given point M, being x", y", and z", 
the equations of a tangent to tho section parallel to XZ at this 
point, ■will be 

and to the section parallel to YZ, 

The equations of a plane passing through the same point, 
Analyt Gcom., Art. (64), will be 



^") + ^{y — y")-- 
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The intersection of tbis plane by tiie plane througli M parallel 
to XZ, will be represented by 

s — z" = c{x — x"), y = /'; 

and the intersection by the pkne parallel to YZ, by 

s - z" ~ d{y - y"), X = »". 

If the plane (3) ie tangent to tlie aui-fe,ce at M, tbese lines 
should be tangent to the sections of the sui'face, and therefore 
identical with those ^presented by e^juations (1) and (2), and we 
must have 

dx"^ dy" ' 

and eqnatjon (3) becomes the eqimtvm of the tangent plane, 

To iiinstrate, take the equation of the ellipsoid 



i + i 



from wli h \j iiften,ntiatmg fiist with n^fer^'nce to x ind then 
with reference tt y and tnl'.tititmg ^ z ind / we olfain 



dx" a^z" dy" b'z"' 

These expreesions in eqnation (4) give, after reduction, 
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148, The equations of a straiglit line passing through the point 



This will beconic perpendicular to the tangent plai^ 
ho conditions, Analyt^ Geom., Art. (59), 



and we thus deduce the eqnationa of « normal line, 



By substituting these expressions for x — x" and y - 
the general expression 



«")' + (J - ?")* + (•- '")', 



we obtain for the distance from any point of the normal to the 
point of contact, 



B = ,-.,/> + (^y + (|;)-. 



for the distance fiom the point where tho normal pierces the piano 
XY to the point of contact^ the minus sign being omitted, as the 
numerical value only is required, z" divided by thia distance, 
gives the sine of the angle which the normal mates with the plane 
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XT ; and this angle is the complement of the angle made by the 
tangent plane with the plane XY; heoce, we have, denoting this 
angle by 0, 



^^'^^m'-m 



Paktiai. Diffebentialb of a Sukfaoe and Volume. 

149. Let BMM' be an> cuivein space, and E'PP' ita projection 
OB tlie co-ordiiiite plane X\ Let the plane of the curve MM' 
make an angle /3 with the place 
XY, and let its intersection with 
that plane be taken foi the a\]9 
of X Then, if the ordinate of 
the cuiie be dpnoted by i/, the 
ordinate of its piojLction b^ y', 
the area ot the cuive by *, and / 

thit of its proiection by «', wc / 
have, Art (92), 

ds = 1/dx; ds' = y'dx. 

The right-angled triangle MPQ gives y' = ;/ coa /3 ; bence, 

ds' =: cos 13 ffdx :=: cos /3 lis, 

aud the sam of all the values of ds' is oqiial to the sum of all the 
values of ds multiplied by cos ^. But the svim of all the values 
of d^' is the urea s', Art. (88), and the sum of all the values of ds 
is the area s ; hence, 

s' = cos /3 s; 
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tliat is, the prfjection of any plane area is equal to the area mulU- 
plied by the cosine of the angle included hetween its plane and the 
plane of prtyeclion. 



160« Now, let M denr te thp area of any burlaie, ^s ZpMi/, and 
il am jiiiit ot the surfice, whose to ordmates are a*, y, tni z 

biBce the equation ot tiie Burface gives 
t in ttrma of x and y, the arta v. is min 
ifebtlv a function of x and y Ltt -c be 
mcTcasud by hh ■=- dx, v remaining the 
lime the increment of the surface will be 
SIi/^N', whi h wil! be the partial difieien 
tial of « tai.en w ith resy ect to a , that i" 







If now in this, y be increased, by PQ' = dy, and x remain 
the same, the increment MNM'N' will be the partial differential 
of (1) taken with respect to y ; that is, 






Tlie same result may be obtained by first increasing y and 
then X. 

The infinitely small area MNM'N' may bo regarded as a plane 
area in the tangent plane at M, and will, by the preceding article, 
be equal to the area of its projection PQP'Q' = dxdy, divided 
by cos /3. /3 being the angle made by the tangent piane with 
XT; hence 






** = S = ■''* <^' + (e)' + (l)"-'^"- '"»)• 
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in whicli it should be remembered tliat d'a is the partial differ- 
ential of the second order, obtained by differentiating first with 
respect to one variable, and tlien with resoect to the other. 

151. Let V represent any volume limited by a surface, and tlio 
co-ordinate planes as A6Pc-MZ. It will bo a function of x and y. 
If x and y be increased in BuccoBsion by dx and rfy, as in tlie 
preceding article, we obtain first the increment volume 

bb'dP-m = ^di!, 

and for the increment of tkis, the volume 



PQFQ'-M'M = rr—rdxdy. 
dxdy 

Bat this infinitely small volume does not differ from tlie par- 
allelopipedon whose base is PQP'Q' = dxdy, and altitude 



in which d^v is a partial differential. 

152. One surface is osculatory to another, when it has with it 
a more intimate contact than any other surface of the same kind; 
and the conditions which must exist in order that a surface, given 
in kind only, shall be osculatory to a given surface at a given 
point, can be determined by a method similar to that pursued in 
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article (85). But from the nature of the case, tliese couilitions 
are more numerous and complicated, and tlieir determination 
move difficult; so loicli so as to render osciilator> suifiLe^ of 
little use in the measuit of ouriature hente another metliol his 
been devised which wjll now be exphiaed 

Let M be any pomt uf a iirface at which it is propcaed to t\ 
i ike curvature Let this point be ttken as the oiig n ot 
cootdinite'! ind let the noima! At 
this point he the axis ot Z the axes 
of \ ind \ having any position m 
tl e tingent plane \MY The, equa 
tion of tlie surface, Art. (144), will he 

'.=A'.<J) (!)■ 

Through the normal let any plane 
ZMX', making an angle ip with the 
plane ZX, ho passed ; it will cut from tlie surface a curve MO. 
For any point of this curve, as 0, denoting the abscissa MX' by 
x', we shall have 




•p). 



and these valuus, substituted in equation (1), will evidently give 
the equation of the curve referred to the two i\ea MZ and MX', 
Now, by Varying the angle p, all the normal seLtions at the point 
M may be obtained, and by enamimiy the cunatures of these 
different sections at the given point m a tnidte ilea of the curva- 
ture of the surface may be formed 



Differentiating epilations (2), ■ 



The general expression for the radii 
normal sections, Art. (106), is 



dy = dx'un^ (3). 

aturu of one of the 
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K = <"'': +.■"'>' (4). 

Differentiating equation {S), Art. (144), we liave, Art. (53), 

''■' = £-> + 'S** + ?*' (* 

Substituting the above values of dx and d'j in equation (3), 
Art. (144), and in (5), wo have 

dg = (p cos(p + p' mn^) dx' (6), 

d^'z = (ffcos'f. + ay'cosipsinip + q"mn^i(>)dx'\ . .{H'); 

p and p' representing the pai-tisl differential coefficients of tli»s 
first, and g, q', and q" those of the second order of the funetion s. 
If these values of dz and <?'s be substituted in espresaion (4), 
we shall have the expression for the radius of curvature of anj one 
of the normal sections. But as we only desire this for the point 
M, TVe may first substitute the co-ordinates of this point, which are 



and since the normal at this point coincides with the 
must also have, Art. (148), 



Substituting these values in equations (Q) and {6'), and the re- 
sults in equation (4), we obtain 



gcos'ip + yj'cosipBin^ -|- ^"siii'ip ""^ " 
ia which q, q', and q" are what the partial differential coefficients 
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of the second order of the function s become, when if 
for X, y, and s. 

Dividing by cos'(p, and recollecting that — ^ = 

this value may be put under the form 



5 + 2§' tan 9 + q" ti 



We have taken the positive value of R, Art (106), since, as the 
Burfaee is represented in the iiguro, the sections are above the axis 

of X', and convex towards it: -^— t^ must therefore be positive. 

Art. (86), and the value of R positive, as it should be when laid 
off from M above the plane XY. If the section at the point M 
lies below the piano XY, it must still be convex towards this tan- 
gent plane ; -7-7^ will be negative, and R negative, and must 

therefore be laid off from M below XT, 

By assigning all values to ip from to 300° in equation (8), we 
shall obtain a value of R for each normal section. Among these 
values there must be one which is greater, and another which is 
less than all the others. The values of ^ which will give these 
principal values of R, will be obtained as in Art. (69). 

Differeutiating e<juation (8), we have 

rfE _ 2(;'tan'ip + jg — g") tany — g') 
rf tan^ ~ (5 + 2 J tin If + J tan y) 

If the denoaimatoi be placei ejual to 0, He shiU obtain values 
ot the tan ip whidi, when real nill reduce t} e i ilue of R to in 
fimty Ihe curvature of the coiiesf onding sei-tion mil then be 
ieio, and the section itSLlt a light hue or the joii t M i siiig ihr 
point. Art (118), eases wl ich do not o cur in ill suilic s L t us 
then plan, the numerator equal to , we thus have 
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tan'? H- ^,-i-tain}) — 1 = (9). 

This being either of the iirst or second form of equations of the 
second degree, the roots will always be real, and their product 
bqual to — 1, that is, denoting them by tan ip' and tan qi", 



tan p' tan ip" - 



1—0; 



hence, the normal pli et. vh h the greatest and least radii of 
curvatur are foiin 1 must be perpendicular to each other. The 
sections l> these pi es are dlled principal sections, and their 
exact ] 06 t o v 11 be dete n 1 by solving equation (9). 

The values of ta ip and ta i 9" being determined, and tlie 
traces of the normal planes con 
structe 1 as n the fig re lot ua 
take M\ as a new ax 9 of \ 
and m as a new a"^ s of "i 
and suppose the an fa t Is 
referred to the n v th MZ as an 
axis ot Z Th n we D t have 
for the no V a e 



tan Ip" ■ 




tan if' + tan if" 



which requires in equation (9), that q' = 0. Substituting this 
value of 5' in equation (7), we have 



.(10). 



g in this the values of ifi, corresponding to the maxi- 
mum and minimum radii as above determined, viz., <p = and 
p =: 90°, and denoting the values of the principal radii thus 
determined by E' and E", we have 
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R' = -, B" = 4, 

'i 9 

aiwl finally, from equation (10), 

— = gco3^9 + ? sin"? = ^COa=l) + g;;Siii>, 

wliicii expresses tlie reciprocal of tlic radius of curvature of any 
normal section, in tenns of the piincipal radii and the angle ip. 

If R' and B" are both positive, all values of E will bo positive, 
and tlie greatest of the two will be a Koaximum, and the least a 
mnimum; and all the normal sections at the point M will lie 
above the plane XT. 

If R' and R" are both negative, tlie sections will lie below XY. 
K one is positive and the other negative, a part of the values of R 
will bo positive and a part negative, and a part of the sections will 
be above and a part below the piano XY ; and this plane will cut 
the surface at the_ point M, giving a point analogous to the point 
of infiexion, Art. (62). 

If R' = R", all the values of E become equal to E' or R", 
and the curvature of all the sections will be the same ; as at any 
point of a sphere, or at the vertex of a surface of revolution. 



153. If E'" be a value of R, in any section perpendicular to 
l]ie Olio whicli makes the angle ?>, we may obtain its reciprocal by 

substituting in tlie last expression for ^, 90° +9 for if. 



sin{90° + ^) = oosip, cos(90° + 9) : 

this expression will become 

J_ ^ J_^.^, —cos' 
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Adding tliis to the expression for jj, member to member, 
^ve Inavo 

li ^ R'" W ^ li'" 



that is, Art. (lOS), the sum of ike curvalares of any two normal 
uctiom at the same point, which are perpendicular to each other, is 
conslmit, and equal to the sum of the curvatures of the pnnci}i<il 
sections. 
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INTEGRAL CALCULUS. 



FlEST PeINCIFLES, 

154. "We have seen that the sum of all the values of a differen- 
tial is the function from which it is derived, Art. (88). By what- 
ever process this function may be obtained from its differentia], it 
amounts to the summation of the injimte number of its elements, or 
infinitely small values of the differential. This process is called 
mtegvatumf and its symbol is J] which always indicates an oper- 
ation the reverse of differentiation ; thus 

/J. = « 

The object of the Integral Calculus is to eipkin how to pass 
from differentials to the functions from whii,h they m-iy le de- 
rived; or in any particular case, to find an expression uhich, if it 
be differentiated, will produce the guen differential 

This expression is called the integral of the diffcTential. 



155, We have found, article (17), dA.u z= A.du; therefore 
fMu = fdAu = Au = A/da. 
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From whicli we eeo that a constant factor may be placed with- 
out the sign of integration, without atfecting the value of the in- 
tegral; thus, 

rb{a - x')dx = h/{a - x,)dx, jt^ ~ -fx^dx. 

Also, in article (20), we have 

d(u + r ± &e.) = du -i- dv ± &c.; 
hence 
/{du + dv± &c.) =fd{u + ->}± &c.) = n + V Jz kc. 

= Z-^" + /<^«' ± &c.; 

that IB, the integral of the mm or dr^'erence of any number of dif- 
ferentials, is equal to the sum or difference of their respective inte- 

Also, in article (16), we have 

(/(a + C) = du, 

no matter what the value of the constant C may be ; lience an 
infinite number of expressions difiering from each other in a con- 
stant term, when differentiated will produce the same differential. 
For this reason, to complete the iniei/ral immediately found, lee add 
a constant ; thus, 

/<(.=» + c. 
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Integration of Monomial DiFFEKENTiAia. 
156. By article (24), we have 






fcx"dx = fcd^—-- = ^~~ + C. 
(/ m + 1 m + 1 

Therefore, to obtain the integral of a monomial difFercntial ; 
MuUipl'j the variable, with its primitive exponent increased by 
unity, hy the constant factor, if there is one, and divide the result 
by the new exponent. 



Meamples. 
1. If du = xAx, fdu = fxdx = ^ + 0. 



2. If du = — , fdv. = -fx'dx = ^ + G. 



.If du ■= bx^dx, 
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6. If du = —-= -i ; - 

Vie *> 



padx. pZx 'dx /•c''x^dx ..,,-_. 

» =77^ +y— 4 y^....Art.(155). 



The application of the above rnle docs not give the proper 
integral when m = — 1, as in this case we have 



fx'^dz = 



— 1 + 1 ' 

whereas 

fx-'dx =f~ = Ix + C .Art.(3':). 

This result was to be expected, since J — or Za cannot be 
expressed in algebraic terms, Art. (5). 

„ , adx 

If dw = ^ — , 

Of M = log a: + C, 

the logarithm being taken in the system whose modulus is -. 

157. If we have an expression of the form 

du, = (a + 6a + car' + iiC.)" x' dx, 
in which m is a positive whole number, the integral may be found 
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by raiang the quantity ■within the parenthesis to the mth power, 
multiplying each term by x°dx, and then integrating it as in the 
preceding article. 



Eeamples. 

1. Let du = (a -\- x^yx^dx, 

or 

du = («' -t- 2a»' + x*)x'dx\ 

then 

u = /{a'x'dx + 2ax'dx + x'dx) = ~-h ~ + ~ + C. 

2. Let du = (6 — x^yx^dx. 

3. Let du = (6 ~ cx^yx~^dx. 



Integeation- of Binomial Differentials of Paeticulae 

FOEMS. 

158. Many expressio'As, by the introduction of an auxiliary 
variahle. may he transformed into monomials, and then integrated 
as in the preceding article. 

I, Let du = [a + bx")''c'x'~'dx. 

Piaca a -J- 6a" = s, 

nhx^'^dx = dz, ai''-'dx = ■=-. 
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Substituting in the given expression, aud integrating, we Lavo 

and replacing the value of s, wo have, finally, 
_ c'(a + bx' 



(m + \)nb 



+. C; 



tliat is, to integrate a binomial differential when the exponent of 
the variable without the parenthesis is one less than tbat within : 
Multiply the binomial, with its primitive exponent increased by 
unity, hy the constant factor, if there is one ; then divide this result 
by the product of the new exponent, the coe^eient, and the exponent 
of the variable mthin the parenthesis. 



Examples. 
1. If dM=[a-\- hx-')^iex<lf^, u = ''•"J"l '' + C. 



■i.b.2 



2. If duz= {2- Sx'y'^Sx^dx, u = — -f2~3a')= + C. 

3. If du = {a-bx^y^x-'^dx, ^^ 3(ct-foa ) _^^^ 

4. Let dji = a{b - cz~' )~h~^~' dz. 



" b ± X-' 



:yG00g[c 



INTE011A.L ( 

Place b ± x" ~ z; 



u = ± /— = ± ^^3 =± U{b±x») + C. 

In tlie same way, we*nay find the integrals of the following 
expressions ; 



1. list 



3P.{b + 2(M)(fe 



" a + te + ( 
Placa a + Jk + cs' = z, then (6 + 'icx)dx = &, 

M = -m, I -— = mis = M^ (a + 6a; + ex') + C. 

u = li2x + x') + C. 



2. If 




« : 


3. If 


i. _ C + 2'H-, 

2a; + a' 


. 


4. Let 


■(« = — 


«^ 




1 - 


- s» 


Since, i; 


n general, 





/ = «fM, 



we see that in all cases wlleiP the numerator of an expression is 
the jjiodiict of a constant and the differential of the denominator, 
lis integral will be the product of the constant and the Knperian 
loffaritkm of (ie denominator. 
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159, Every cspression of tho form 

du = Ax''(a + bx)'dx, 

can be integrated, when either mi or n is a positive whole number. 

If n be positive and entire, we may integrate as in article (157). 

If m be positive and entire, n being either fractional or negative, 
place 





+ fa = i 


I, then 




'' 6 


-. 


& 


dz 
b ' 


dti = 


-{^ 


^y. 


</2 

T 






■t/(^ 


^)~.-.. 







which may be integrated aa in article (157). Hie value of z being 
then replaced, the integral will be expressed in terms of x. 



Examples. 
1. Let du = Jj;'(a — x)'^dx. 

Place a — X ^ z, then x = a — z, dx = — dz, 

u =f- h{a~syz^dt = ~ '^bah^ + -bazi - ^bz\ 

and finally, by replacing the value of s, 
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2xdx 



2. If du -. 

(1 - 3.)= 

it may be placed under the form 

1 2 I 

dii = 2x(l — 3x) ^dx; whence u = /(I — z)e ^dz, 

and finally, 

['''L^ . T.. J., yJ' 



3. Let dii = — . 4. Let dit = 



If 



(Aj:" + Bar^ + Ca^' + Ac.) 



may place it under the form 



and may then integrate each fraction as above, if m, p, q, &c., ai'e 
entire and positive. 



Use op the Aebiteaey Constant. Istegbation between 
Limits. 

160. To complete each integral as determined by the preceding 
rules, we Lave added a constant quantity C. If, in the particular 
case under consideration, wo happen to know what the integral 
must be for a particular value of the variable, this constant can ba 
Thus, if 
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fXdx = 



X' representing the function oix, obtained at once by the applica- 
tion of the rules for integration, and we know tlie integral must 
reduce to N when a; = o, we have 

N = X',_, + C, C = N - X',_,. 

In geneial, however, this constant as entirely iibitrary, since 
Asnate\ei \alue he assigned to it, it will Uisappcir by differentia- 
tion, Art (16) This arbitraiy nature of the constant enables us 
to cause the mtegwl to fulfil any reasonable condition Thus if, 
m equatJOQ {I}, it ha reijniied that the integral reiluLe to the par- 
ticular expression M, when x = a, wo may detennme the value 
wiiicii mnst be assigned to C, bj wnting M for J Xdr, and sub- 
stituting a for X in the function X Cdlling the result of tiiis 
substitution A, the ejuation reduces to 

M = A -1- C; whence C = M — A, 



fXdx = X' -}- M — A (2), 

which will fulfil the fequired condition. 

If M = 0, C = - A and /Xdx ^ X' - A. 

The integral fXdx = X' -1- C, before any particular value 
has been assigned to C, is called a complete, or indefinite integral, 
and expresses the indefinite sum of all the values of the differential. 
After a particular value has been assigned to C, as in equation (2), 
it is called a particular integral, and expresses the sum of all values 
of the differential, commencing at tlie origin of the integral, that is, 
at that particular value of the integral wliieh is 0. If, in this par- 
ticular integral, a particular value be given to x, the result is called 
a definite inteyial, Wc should thus have, when * = 6, 
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/Xrfar = B -!- M - A (8), 

E representing X',_i; and this expresses the definite sum of 
all values of the difforontial, from the value at the origin to that 
whioli corresponds to a; := 6. 

That value of the variable which causes the integral to reduce 
to 0, and belongs to the origin, is always found by placing the 
particular integral equal to 0, and solving the resulting equation. 

If in (1) we make x = a, and then a; = 6, wo have 

/(Xdx)._, = A + C, /{Xdx)._, = B + C, 

whence, by subtraction, 

/(Xc^s),_, - /(Xrfa)._. = B - A. 

This is the integral taien between the limits a and h, and is 
usually written 



/'''Xdx = B - A, 



the limit corresponding to the subtractive integral being placed 
below. This expresses tie definite sum of all values of the differ- 
ential, between those which correspond to a: = a and x = b. 

This integral between limits may always be obtained from either 
the complete or particular integral, by substituting, in succession, 
those values of the variable which indicate the limits, and sub- 
tracting the results. 

If a, b, c k, I, be several increasing values da, and we have 



/"^dx = A', f'xdx = B', f'xdx : 

then evidently 

f'xdx = A' + B' + C + E'. 
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/Bx'dx = 2 a;' + C, 
is a complete or indefinite integral. 

If it be required that ttis reduce to 4, when k = 1, we h 

4 = 2 + C, C = 2, 

and 

fd^'dx = 2x' + 2, 

the particular inlegral. 
For the integral between the limits x -^d and a; =: 3, 



hence, 



f^Qx''dx = 54. 



The value of a; corresponding to the origin of the particular 
integral, is obtained by placing 



Integkatios of the 1)iffekentiai.8 of the Simple 

ClECTJLAE FuHCTIONB, AND OP ClBCTJLAB AeCS. 

161. By a reference to article (43), we see that 

1. fcoixdx = sin a. 2. /— ^nxdx = cos a. 

3. fsmxdx = ver-Bin«. 4, / — r- = tana;. 

5. / ;— J- = cots, 6. ytana;,secr(^aT = sec a-, ifec. 
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and from these we readily derive the integrals of the exprea- 

7. fixamx^dx = fcmx\1xdx = %\nx\ 

/' 1 . 1 ^ /• . \ dx 1 

8. / — -,^m-ax = I — sin-.— T = — cos-. 
J x" X J X x' X 

These integrals will be completed by adding to ea«h a constant. 
Ilereafter, as in these examples, this constant will be understood, 
and written only when it bs necessary for the discu^on of the 
integral. 

162. By a reference to article (44), we see that 

1. i = sm-'M. 2. /- _ ■ = cos-'m. 

„/•(?« . , , f du 

Afld from these we derive the integrals of the similar expressions, 



/du /"a /> « 



^ 'y/% — X- -^ -/a - 
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CALCCLrS. 
2 dx 



■\/3 Vs — «' Vs Vs 






/Sdx 3 /• dx 

Vl.r — 2x^ A/a-' -v 



■/iar — 2s' V'i-^ -v'2^ — a' Va 



/(?u /■ a" 1 /■ « 1 , w 



2rf3: 2 /■ dx 



/Idx _ " /■ 
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iNTEGHiATION OF EaTIONAL FeACTIONS, 



163. Every rational fraction which is the differential of a func- 
tion of X, will appear aa a particular case of the general form 



(Ag" + E^"-' + fa"-' + &c.)rfr 



in iviiich m and n arc whole numbers, and positive. 

If m be greater than n, the numerator may be divided by the 
denominator, and the division continued until the greatest expo- 
nent of X in the remainder ia, at least, one less than in the denom- 
inator ; the quotient will then consist of an entii'e and rational 
part, plus the remainder divided by the denominator, and may hfc 
written 

(Aj:" + BjT"-' + &c.)rf.r _ (A"j:''-' + B".r— ' + Ac.]</g ^ 

A'^°TB'a°-' + Ac. ~ "^ ^ A'a:"+ BV-' + Ac. ' 

and the integral of the primitive fraction will be the sum of the 
integrals of the two parts. 

It will he necessary, tben, td explain only the manner of inte- 
grating- the second part, or those rational fractions in which the 
greatest exponent of the variable in the numerator is at least one 
less than in the denominator. 

First, siippise the denominator to be divided into its simple 
Cictora of tlie first degree, and let them be represented by 
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There will be four different cases, eacli of which will require t 
separate discussion. 

I. When the faclors are real and unequal; 

II. When, they are real and equal; 

III. When they are imaginary, and no two alike; 

IV, When they are imaginary and alike, two and two. 



164, I. Aa an example of the first case, let ws take tlie fraction 
{ax + c)dx 



The two factors of the denominator a 
then 



{a<e + e ) dx 



A and A' being constants to be determined. For the purpose of 
determining them, clear the equation of its denominators ; then 

tM + c = Ae — A6 + A'^ + A'6. 

Since tliis is true for all values of x, by the principle of indeter- 
minate coefficients, wo may place the coefficients of the like powers 
oix, in tiie two members, eqnal to eaoli other, and hare 

o = A + A', c = k'b ~ Ah, 
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Substituting these values in (l), multiplying by dx, and prefix- 
ing the sign /, we have 

/■ {ax + c)dx __ ub — c / * dx ab + c / ■ dx 

J ' x^ — b'' ~~ 2b J X -\- b lb J x — b 

= "^°'(^ + «) + ^'/(«-«). 

If there be n fact th 1 t f t! g p n 

there should bo»c jdgtt fthb fm d 

these, when reduced toam dmtwtlthfit 

member, wili give adtlqt t j, dft t 

powers of the variabl (11^ th p )f 11 

above, n equations mybfmJ dth 1 fth m 

atora be determined 

The method pursued above indicates the following rule for all 
similar expressions : 

Place the primitive fraction, {omitting the differential of the vari- 
able) e^ual to the sum of as many partial fractions as there are 
factors of the first degree in its denominator ; the numerators of 
these fractions being constants to he determined, and the denominators 
the several factors of the original denondnaUyr ; clear the resulting 
equation of denominators, equate the coefficients of the like powers 
of the variable in the two members, and thence determine the con- 
stants ; tlien miiltiply each partial fraction by the differential of 
the variable, and take the sum of their integrals as in case 11^ 
article (158). 

2. Integrate the expression 

The factors of the denominator are, x + 1, x — 1, and x- 
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I of denominators, 
8*' — 1 = kx" — Aa; + A'l' + Mx + M'x'' — A"; 
whence 
3 = A + A' + A", = - A + A', 1 = A'' 

A = 1 = A' = A", 
and 

J X^ — X J iC + \ J X ~ \ t/ X 

= l{x + 1) + l{x -~\) -\- Ix = l{x' - x), 

as may be seen at once, since tlic numerator of the given diffeien- 
tial is the exact difierential of the denomiDator. 

3. Integrate the expression 



- 2y - 2' 
Placing the denominator equal to 0, ive hav« 
J," _ 2y — 2 ~ 0; 
whence y = 1 ± V^, and the corresponding factoi'3 are 
y — {1 + V^), y — {I- 1/3), or y — m and y - n. 
Finally, 
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23' 




= ^r-s'^-") - 


:£ii (,_.). 


4. Integrate 


(21 + 3)* 




Integrate 


(^■~l)i 





165. II. In the second case it may be remarked, that if all tlje 
fiictors of the denominator are equal, the fraction will take the 

o^^^^o^ — *■ 

which may be integrated as in article (159). 

We need, then, only consider the case where a portion of the 
factors are equal. The rule of the preceding article is not applir 
• cable here, as will be seen by taking the expression 



(.-»)■(>! -4' 

n which two of the factors are equal to s ^ 6. 
Ey an application of the rule referred to, we should have 



(»-4)'(.-.) - 



A 4- A' must be regarded as a single constant. 
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If tbia equation be cleared of denominators, and the coefRcienla 
of the like powers of n in the two members placed equal to each 
other, we shall evidently form three independent equations, with 
only two unknown qaantities, B and A". 

We obviate this difficulty by writing, for the equal factors, the 



two fractior 



B 



B' 



(^ 



-by 



and thus hav 



{' 



-»)'(« 



c)-(. 



7jy^-. 



+ : 



whicb, being cleared of decominatore, gives 

o = B(i-«) + B'(«-S)Ci-c) + A(«-4)'; 
whence 

B' + A = 0, B - B'e - B'b - 2A6 = 0, 



B'fcc . 



Be 4- A6' 



three equations with three nnknown quantities, which can then be 
determined. 

And in general, if there be n equal factors, we should write n 
partiaWraotions ia tlie form 



(. 



C« - by- 



Bi«-'). 



the numerators of which are constants, and the denominators the 
different powers of the equal factor, from the nth down to the first 
power. After B, B', &e., are determined, each partial fraction, 
being first multiplied by the differential of t!ie variable, will be 
integrated as in article (158). 
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(2 + x)dx 

(^- iy(x-2y 

Place 

2 + ^ _ B . B' A 

(;.-l)'(^-2) - (^-1)' "^ ^ ~ 1 ■^^- 2- 

Clearing of denominators, and equating tlie coefficients of the 
ike powers of x, we have 



0=B'+A, lr::B- 


-3E'-2A, 2 ^ -2B + 2B'+ A, 


B = - 3, 


B' = - 4, A = 4; 


and finally 




^ (2+r)<f« 


■^^^il(x-l) + 4l{x-2). 


J (*~l)'(^-2) 




xdx 



If there are different sets of equal factors, partial fractions must 
be written for each set; thus, 

{x-\y{x + \y {^x ~iy ^ X - i^ {X + ly^ ^ -{. I 

166. in. We know, from tl e general theory of uquat oni tl at 
imaginary roots are found onlj [in an i th^t for each pa ve 
must have a factor of tJie seco d 1 g e 1 1 jiaeiequalt 
will give the imaginajy ro ts Eich ja [ oots li al aya 
appear as a particular case of the gen r 1 form 
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X = a ^ V^^V (1), 

and the corresponding factor of the secoud degree will be 

X' ~ 2ax -^ a' + P = [x -{a + V^^)]ix - {a - V- 

By a, comparison of the imaginary factors, in any given 
with these general espressiona, we determine the corresponul 
values of a and b. Thus, if the factor of the second degTee bo 

x^ - 2x + 5, 

we place it equal to 0, snd find the two roots 

X = I ±.V— 4; 

whence, by comparison, a = 1, 6° = 4, S ^ 2. 

Now, in the third case, for each pair of imaginary factors, i 
partial fraction be wj-itten, of the form 



*' - 2ax + a' + b' (» - ay + b'' 

By clearing of denominators, &c., as in the preceding articles, 
M and N may be determined. We shall have then to integrate 
the expression 

(IVLg + N) dx 
(*-")' + i'" 

For this purpose, make x — a = z, then x = z •{■ a, 
dx = dz. 

Substituting these, the original expression becomes 

(Ms + Ma + N) , 

=■ + »• "' 
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or, by mating Ma + N = P, and dividing the expression 
into two parts, 

^» + (,' + g. + 6=' 

The first part may be intogratcd as in case II., Art. (158). 
Thus, 

The integral of tbe second part ia 

^ fir^—r, = Ttan"'r Art.{102): 

J z^ -{• b' b b \ /' 

or, by subatituting the values of P and z, 

/^ Fdz N + Ma , /x — a\ 

yirr^= — j— ^^^ (-6-J: 

and finally, 



Take the particular e sample 

{x - -l)dx 
X' + x' + 2x- 

The factors of the denomiiiator are x and a' + ^ + 2, the 
latter being the prodnct of the two factors corresponding to the 
imaginary roots 
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which, compared with (l), give a = — ^, b'' = ^, 6 = ^ v^ 
Place 



x' + x' + 2x X ii!= + a; + 2 
Clearing of denominators, Ac, we find 



Substituting tiiese values of M, N, a, and 6, in formula (2), 
/■ Adx /• \dx 1 , 

g that / — J ~ o — ~ ~ o'*' ^"<^ ''^ 



ducing, we hi 



2^/7 H VT / 

167. IV. In the fourth case, where there are several imaginary 
factors, alike two and two, those of each pair multiplied together 
will give the same factor of the second degree ; and if tSiere be j> 
such pairs, the denominator will contain a factor of the form 

(«'-2a:. + a' + 6')'. 

For this, we write p partial fractions; thus. 



[(^-a)' + 6=]^^ l{^-ay^h-'Y-'-^ i?-aY + 6' 
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Clearing of denominatorn, ic, the viIqcs ot M, N, M, N, Ac, 
may be determined aa before , and since the se\i,ral pwtial frai. 
tions, after multipljing by dx, aio all of the same loim, l^e ha\e 
only to explain the mode ot integrating an\ one ot them, except 
the last^ which is to be integtated as in the preceding artnle 
Take the first, 

{ Vix + N) dx 

\_{:c ^ ay + b^y 

and make x — a = 2j the fraction then 

(Mz + Mtt + ^)di 
(.^ + 6')" • 

or, placing Ma + N = P, 

Jfe(fe , Vdz 



The first part is integrated as in case I., Art. (158). Thus, 



f— 



M(g° + S°)-F +' _ M __ __ 



By means of a formula hereafter to be determined [Formula D, 
Art. (181)], we shall find 



/^^, = .(.) + c/^ = ,W 



*^'. 



then 



AUz-\-'2)dz M , , C ,s 

y-(?-r6^)--2 (t-W(^'+6')^-' +^<^) + T^-" i' 

after which, substituting the value of a, ive shall obtain the com- 
plete int^ral of the primitive expression. 
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168. By a review of the preceding discussion, it will bo seen 
that all differentials which are rational fractions can bo integrated, 
provided the factors of the denoniinator can be discovered ; and 
tliat the integrals wil! depend upon one or more of the four forms, 

/dx p , p xdx p dx 



Inteckatiok by Parts. 

169. In article (21), we have found 

duv = udv + vdu ; whence uv =^ fudi> -j- J'vdu, 

and fjidv = V.V — fvdv. (!) ; 

from which we see that the integral otudv can be obtained, when- 
ever we are able to integrate vdu. This method of integrating 
ndv is called integration by parts. To apply it to a particular 
example, divide the given difierential into two factors, one of which 
shall contain the ditferential of the variable, and be capable of im- 
mediate integration ; substitute this factor for dv, its integral for w, 
and the other factor for u, in formula (1). 

1. Integrate the expression s^dx-^a — a;'. 
This may be divided into the two factors, 

«' and xdx \/a — x'. 
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Place «' =: M and xdxya — x'' = dv; 
then 

du = 2xdx, V = fxix Va — a' z= — i^- " f-l 

Substituting tliese in formula (1), we liavo 

and finally, 

/«■& VJ-^TT' = - '''° ^ '•'' - fs(« - '') 

2. Integrate '^ -,- . 

Place (1 — «')^ = u, and —5- = dv\ 
tiien 



^(i_-^'>*. 





Vi -.■ 




^ 


,T 


'dx 


(•■• 


-,-)* 


, 


'dx 


V.' 


— *'' 
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170 In tlie preceding articles, rules have been given by which 
every rational dtffeiential may he integrated, escept the case 
referred to in article (168). It may then be taken for granted, 
that, in geneial, etui/ irrational differential which can be made 
rational in term/, of u tmw variable, can also be ii 



:'dx 



bx" + ex' 

be a differential, all tlie irrational parts of which are i. 
Make 



These values substituted in the given expression, evidently make 
it rational in terma of z and dz. It may then be integrated, aft«r 
which the value of z in terms of x must be substituted. We may 
then enunciate the following rule for the integration of expressions 
of this kind ; For the variable substitute another, with an exponent 
equal to the least common mwlliple of the indices of the radicals ; 
then integrate by the known rules, and substitute in the result the 
value of the new variable in terms of the primitive. 



Examples. 
2x^ — 3* 
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The least common muUiple of the ijenominators or indices being 

X = E°, then dx = 62'(?3, z := x^. 
Substituting in (1), we have 



ind integrating, 

_ 12 , _ 18 , _ _3^ 



2^^ - x^ 



171. If the irrational parts are all of the form {a + Jar)', 
the expression may be made rational in terms of z, by placing 



J- being the least common multiple of the indices of the radicals. 
"VVe shall thus have 



which, substituted in the primitive expression, with the value of 
o + to, will evidently give a rational result. Take the esampleH : 



Place 1 + a: = £'; then dx = 2zdz, a = (1 ->r x)'. 
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These valnos substituted in (1), give 
whence 



„ = 2 f— r—i = 2 tan-'a = 2 taii-'(l + a;)i 
t/ 1 + s 



. Let dtl =:: 



172, Differentials of the form 
X being a rational function of x, may be made rational by placing 



tuting them. 
For example, l6t 



=«''(f^y' «■ 



Place ■ =; % , then a: = ■ ir-. -t «* = rTXTT*" 

These values in (1), give 



"' - -^+ i). 



which is rational. 
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173. Every radical of tlio form y/a + ia: i 
writtew thus 

V7/« + -a ± z- = v^i/a^T^ 



after making - = a, and - -- 0. 

To render rational a differentia], the only irrational part of which 
is a radical of tho above form, it will then only he necessary to find 
rational values for x, dx, and Va + /3s ± x', in terms of 
a new variable and its differential, 

I, Take the case in which the sign of x' is +i ^nd place 

-v/^rns^T^- = ' ~ « (1). 

Squaring both meinhers, we have 

a + fix = e' ~ 1sx\ 
whence 

' = rf^. <* 

By differentiating this value of x, we obtain 
and by substituting the value of a: in the second member of (1), 



V.-OrT-. = ?^f-^"...W. 
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Tiese values of x, dx, and ^/ a. ■{- j^x + x 
tlie primitive differential, will evidently give a rational expression 
in terms of z and de. After integrating this, tie value of z, taken 
from (1), must be substituted. 



Examplt 
1, Let du = 



l/« + fr^ + CX-- V" V« + /J-K + x' 

Substituting for dx and Vo- + /3-c + a^' tbeir values 
IS found above, and reducing, we have 



V^l/a + Six + x^ V7(/3+2s)' 
whence 

Vc Ve 



'</i + .. 



By comparison with the similar expression in the preceding 
example, we see that 



c^Vc, = 8, i 

Substituting these values in (5), we deduce 
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-7r=^ = ;"(*^? + '• + ") 
<^y ^ + *' 

and, finally, after uniting the constant — I — with the arbitrary 
constant, 



Comparing this with formulas (2), (3), and (4), we see that 



. ■Hz' + 1,)d. 


V2» + »• : 


£' + 2? 


(2 + 20' ' 


2 + 22' 


»lierae 






* = 


(» + 2)'& 





dv, ^ rf:i; V"!' + a 
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174. II. If the sign of a' be minus, it will be necessary to pur- 
ue a different method, and deduce other formulas j for if we wiite 



Voi -i- P^ - x' = s - cc, 

the second powers of x in the squares of the two members will 
have contrary signs, and not cancel each other, as in the first case; 
and therefore the deduced value of ie in terms of z will not be 
rational. 

Denoting the roots of the equation x^ — ^x ~ a = 0, by S 
and S', we have 





^' - /3^ - « 


= (.-. 


<)(' 


- »■■); 




or, changmg 


the signs, 










« + ;3^_^' = 


V-. + II1 


-'' 


= V{r.- 


.■)(«■->). 


Now, if we 


! make 




('- 


I)' 






V(':-S}(S' 


-') = 


■(1), 


square both members, and strike out the 
we have 


"" 


mon factor 


a - S, 



£'_» = (*- S)e\ X = , , 

1 -r 2 

Substituting this value in equation (1), we obtain 



V^ + !>• - x'- = vV^ S) C - ' 



1 + 1 

By differentiating equation (2), we find 
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(!+.■)■ • 

These values of a, V« + &^ — ^', and dx, substituted 
iti the primitive expression, will make it rational. 



Examples. 
1. Let du = ■ 



Va + a^ 



By substituting the values of dx and Va + /3r — a 
obtaiu 



+ i 
and since, from equation (1), 

■we have, finally, 

. = /-=i^= = - 2 tan-'/J^ + C. 
•' V" + (>> - :t' ' - ^ 

If in this Tve mako 3 = ", a = 1, tlio expression reduces to 
ance, by placing a:^ ~ 1 = 0, we find 
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ar = ± 1, or ^ = — 1, &' = I. 



If we now introduce the condition that the integral shall he 0, 
whea a; = 0, we have 



= C - 2 tan-'l = C ~ -, ^ = 2' 

and 

/ -v/i _"7' = 2" ~ ^ *''" ^ 1 + «' 

The direct integral of the first Diembor is sin~'a-, Art. (162) ; 



2. Let du : 



Placing 2(tx — 3;' = 0, wo deduce x = 0, and z = 2a ; 
hence, J = 0, and £' = 2«. Substituting thcKe in the formulas, 
Act we have 

dx ■\J%ax — x' 2z'dz 



a simple rational fraction. 
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IhTBGEATION op BmOMIAL DiFFERESTIALB. 

175. 1- If we have a differential of the fonn 

X' {r being supposai less than ti) may be taken out of the paren- 
tliesis, and for the primitive expression we may write 

in which bat one of the terms, tn tlie pareiitliesw, ix)ntains the 
variable x, and the exponent of this vanible will be positive 

2. 1^ affair this, the eiponent of x abould be fractional, either 
within or without the parenthesis, or both, we tan substitute for 
X another, variable, with an exponent equal to the least common 
multiple of tbedenommatois of the gnen eiponenta, and thus get 
lid of the fractions ; as in the example 

x^dx{a-\-bx^-y, 

by making x ~ e', we obtain 

x^dx{a + Ix^Y = ez'di{a + is')', 

in which the exponents of z are whole numbers. Hence, every 
binomial diffm-ential can be placed under the form 

x'^-'^dx{a + £«■)% 

in which m and n ate whole numbers, and n positive. 
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176. 1. The binomial differential being placed under the pro- 
posed, form, if — is entire and positive, it may be integrated as 

in article (157); if — is entire and negative, we have 



(a + bx-y 

which is a rational fraction, 

2. If — is a fraction, either positive or negative, place 

a + bx* = s^; 
then 

(« + 6,-)' = «'.... (1), »- = '-^, 



The values (1) and {2}, substituted in the primitive expression, 
give 

.-.,;.(„ + L.')T ^ !.'+'-'</. (^y" . . . .{3). 



which is rationa! in terms of 2 and de, when 
number. 
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]>kam.ple. 
Let du = x*dx[a — Js')=, 

trt — 1 = 3, n = 2, — = 2, ^ = 3, q = % & = — J. 
These values in equation {3}, give 

in which 

3. If — is not a whole number, we may write 

and, in accordance with the preceding principle, this may he 
made rational if 






To ohtain the proper rational expression in terms of ?, i 
>nly make in equation (3), 

» = » + SS, » = - ^ . = S, 5 = 
1 
Thus, 
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Meample. 

Let du = adic(a + is')^, 

m which 
n ~ 1 = 1, » = 3, ;) = 1, q = 3, - + -^ = 1 

These values in equation (4) give 



xdx[a + bx') 



z^dz fz^ — 6\~' 



n which 



■ I. 



From what precede", Wo see that every binomial differential of 
the proposed form can he integrated, if the exponent of tJw paren- 
thesis IS a whole number; if the exponent of the variable ieitkout 
ike parenthesis, plus umty, divided by Ike exponent of the variable 
Wilkin, IS a.vihole number ; or if this quotient, plus the exponent of 
the parenthesis, is a whole number. 



177. Let hb now write p for -, and then divide the 
expression 

x''~'dx{a + bx")' j= x''~'x''~'dx(a + bx'y, 
into the two factors 

a""" = M, and x''~'dx[a + bx')' := dv\ 

whence 
da = (m~n)x-'"~^dx, v = ^''.'^ '"''}''!'' .. ..Art {U8). 
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Substituting these values in tte formula 

fudv = uv — fvdu Art. (169), 

snd making (a + bi') = S, we have 

But since 

Xi-ft = XJ'X = X''{a + bx') = aX'' + 6ar"X'', 
/a— "-'rfa;X''+' := o/a:— —'t^arX'' + 6/^— •t/a:X^ 
Sabstitnting this value in (1), and clearing of denominators, 

= a— "X'+i - (m - n)[a/a:'"-"-ViEX'' + bfx''-''dxX']; 
transposing, &c., we obtain 

By a single application of this formula, we cause 

fa:''~^dx^f to depend upon J'x"-'"~'dxX'', 

in which the exponent of the variable without the parenthesis is 
diminished by the exponent of the variable within. By an appli- 
cation of the same formula to J'x"~''~'dxX.'', it may be made 
to depend upon y*"~'""''diX'; and finally, by repeated 
applications, fx"~'^dxK.'' will depend upon the expression 
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in liliich r represents the numljer ot time': m will contain }(. If 
m Ja positive and an exact multiple of r>, then m — rn =: 0, the 
term conttiining the expression to be integiated disappears, and 
the mtegrition is complete. 

If j7« + m = 0, the second member of the formula becomes 
lufimtfi, anj it fails to answer the pnrpose ; but in tliis case 

2) -\ ■ = 0, B hich, substituted in equation (4) of article (1 76), 

gjies an e\piess!on which may at once be integrated. 



178 We miy ilso write 

f^tr-'dicX'' -f^iT-'d^X'-'X = afx^'dxX'^' + bfar^-HxX'-K 

If now in formula A we change m into m + n, and p into 
p — I, we have 

fe"^' 'dxX' ' = ■ - 



b{pn + m) 
this value in the preceding equation, and reducing, 



rx-'-'dxX' = ^"X' + Vnafx''-^dxX'-^ 



by which, the priniitue exprcfeiun is mado to dipend upon ■in 
other, in which tiie evponent of the paitnthoii'' i** one less than 
before. By repeated applications, this evponfut, if positive m-jy 
be reduced to a fraUion Jess than unit), tithei positive or negatnt 



179. The ase of the preceding formulas may be illustrated by 
the example 



f.v''dx{a + Wy 
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Place a + bx' = X, »ra = 3, n = 2, p -- 
then, from formula A, 



Applying formula B to the exprefision fdxX^, 
11 = 1 n = 2, i> = f , we have 



xX^ + Sa/dxX^ 









4 


and by another application 










»X' 


■ + «/ri 




/rf^xi 


= — 


2 


Substituting tlieso values 


, we Lave, fnally, 


/I'iX? = 




„xi 
-Si" 


aVxi 
166 1 


Tile expression 


' xi 




rf» 


V« 


+ 6.' """^ 


aa in Art. (W3). 












l6bJ ^_ 
may be integrated 



180. If, in the primitive expressions, m and p are negative, the 
effect of tke application of formula A and B, wonld evidently 
he to increase tlicm mimericaliy. Other formulas are then I'o- 
quired. 

From A, by transposition and reduction, wc find 



/I— -'<&X' 
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If in tliia we change m into — m + "» w 
-"XJ'+' - b(n -r,i + np)/x- 



far'^'dxX'- — - 



by the application of which, — m will be numerically diminished 
by the number of units in n. 



the part to be integrated will disappear, and the integration will 
be complete. If ra = 0, the formula fails. 



181. From B, by transposition and reduction, we find 
If in tliis we c5iange p into — i" + Ij "^ obtain 



fi^r-'dxX-" 



n{p- 1) 



in which the exponent of X is numerically one less than in the 
primitive expression. 

If ^—1=0, the second member becomes infinite ; but 
in this case p = I, and the primitive expression reduces to a 
rational fraction. 



If m + n — nj) = 0, or n = ■ -, 

p - V 

the simple application of the formula gives the integral at o 
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182. Let \ia illiistrato the use of these forniulas hy the example 

Making in 0, m — l, a = 2, 5 = - 1, n = %, p = — %, 
ve have 

/^-v^(2-*T^ = -^— ' +/';^s:~^...(i). 

By formula D, after making w, — 1, n ^ 2, a =: %, 
i = — 1, iJ ^= ^1 we have 

Making the proper substitutions in (1), we obtain, finally, 

,n which X = 2 - iB=. 



183. By the aid of formula D, we are now able to integrate 
the expre^ion 



Eymaliug m = 1, x = z, a =i b', i = 1, 



we cause / , i , ,i\ 



another expression, in which the exponent is one less; and by 
repeated applications, we shall find that the integral will depend 
upon the expression 



/■j-r jjT- to depend upon the integration of 
(z + b y 

in which the exponent is 

ns, we shall find that the in 

tlostedbyGoOgIc 
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184. For tlie expression 
wu may write 

to whicli applying fovmula A, making 

vi = q ^ \, a = 2c, b = - 1, p = - ^, n 

nnd recollecting tliat x''"'' = a'-'a^^^ and a'^^ = ^^i- 
w(! obtain 



J y/%^^-^^- 



af tliia foni 
fe expi-easic 

f , ^ — ver-siu-'- Art. (161), 



By repeated applications of tliis formula, wlien 5 is a nfcole 
number, we make the primitive expression depend upen 



Ihteqeation ey Series. 

185. If it be required to integrate the expression "Kslx, X 
being any function of x, it is often convenient and useful to de- 
velop X into a series by any of the known methods, generally by 
the binomial formula; and then, after multiplying by dx, to inte- 
grate each term separately. This is called irUe^ratinff by swiVs ; 
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Rince we thus obtain a series equal to the integral of the given 
expression, from which, when the series is converging, we can, for 
particuiaf values of the variable, deduce the approximate value of 
the integral. 

1. Let us take the example 



By the binomial fonnula, we have 

(1 +^)-' = 1 .- X + x' - ;r» + &c. 
Multiplying by dn; and prefixing the sign /, 

y^-A_ = /(^dx - xdx + x'dx - x>dx + Ac.) ; 
whence 

/(I +a) =. ^ - ~ + ~ - ^ + &c Art.(38). 

2. Let du =: s=(l — x'')'^dx. 

By the binomial formula, we have 



(i-i')» = 1 



2 8 Ifi 
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Multiplying each term by ic^i/a^, &c., 
whence 

3. Let du = a*dx. 

Id article (40), we have found 

- + &c. 
If a = e, then U = 1, and 

/'•■''' = ' + ? + T + IJ + *°- 



4. Let du : 



■\/x — x' Vx Vl — X 
Make V^ = « ; then dx = 2 Vx du, and 
dx 2d-a 



which may be readily integrated, and we shall obtain 
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5, dii = e~' dx. 



du = dx V^ax — 3 



1. Let (^H = - 



Developing Vl ~ ^''x* = (1 — e"x')^, we liave 



/- 



.=/(!- 



"&C.)~- 



After the multiplication, each term of the second member will 
be of the form A / ■■ ■■■ — — - , which, by formula A, 

may he made to depend upon 



V(2a-i-)(S-;.) V^, 



h term will be of the form 



— a'Vb — X 

ind multiply by 
Ax'dx 



whicli may be reduced and integrated as in the preceding article. 
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186. By tbe application of the formula for integration by parta, 
Art. (1,69), to the expression Xdx, we obtain 



/Xdx = Xx ~/xdX.. 
and then to xdX, ifcc^ 



J '2 dx " J dx' 2 ~ 2 . 3 i^a^' J 2.S dx'" 



Suhstituting in succession tlie values above deduced, equatio 
(1) will become 



fXdx 



dx\.% 



a series, expressing the integral of Xdx in terms of X, and it 
differential coefficients ; which has received the name of its distin 
guished discoverer, John Bemouilli, 

187. If in the integral 

fXdx = /{x) = u, 
we make x = x -]- h, we have 

(/Xi»)._.+, = /(I + i) = »■; 
and, by Taylor's formula, 

, du, , d'u k' , . ,,. 
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But since 

■' ' ' dx ' 

d'u dX- d'u d'X 

These values substituted in (1), give 

dx 1,2 dx' 1 .2.3 

If ia this series we make x =: a, k = b — a, and denote 

by A, A', A", ifec,, what X, -r— , — r^, &c., become 
•' ' dx' dx^ 

under this supposition, it is plain that what « becomes will repre- 
sent the value of the integral when x ^ a\ what u' becomes, 
its value when x^a-\-b'-a-=b; then what m' — u 
becomes, will be the value of t!io integral between the limits 
X ^^ a, and x =. b; whence 

a f 1 ch. the appi-oximate value of a definite integral 

a b It 1 If 6 — a is KO large that the scries does not 
n „ d s not converge rapidly enough, then let it be 
d 3 d nto w qaal parts, so that 



and take the value, first between the limits a and a + «, then 
between a + a. and a + 2(x, &c., and suppose the results 
to be 
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EC + B'— + B" 



C« + C'-- + C"- 



L...(2), 



^ + l>'r^ + D" 



then, }y article (160), we have 

f\dx = (B + C + D + &c.)« + 

(B' + C'+ &c.)j^ + • 



and as a is arbitrary, the separate series (2) [and of course tlie 
final series (3)] may be made to oonTcrgc as rapidly aa we please. 



Integeatioh of Diffeeestials comtainino Teanscendkn- 
tal quamtities. 

188. But few of these differentials admit of exact integrals. 
We can, liowever, by the aid of formulas previously deduced, 
obtain, by series, their approximate integrals. 

By the examination of a few expressions, we will endeavor, aa 
far as possible, to indicate to the pnpil the general method to be 
pursued, and then leave to his ingenuity and industry ita applica- 
tion to the different cases witli which he may meet. 

Take first the expression 



-^{IxYdx, 
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in which X is an algebraic function of «,. If wo divide it into the 
two factors 

'^dx = dv, and ('*)" = «! 

whence 

f^dx = V = X', rf« = n{UY-'~; 

and then substitute in the formula of Art. (160), we have 

fS.{UYdx = X'{lxy - nfX'ilj:)'-' — (1). 

By this the integral of the piimitivc expression, when the inte- 
gral of Xdx can be found, is made to depend upon the integral of 
another similar one, in which the exponent of (te) is one less than 
iit first 

If, then, n be entire and positive, after repeated applications of 
the formula, the exponent of {Ix) will become 0, and the expression 
upon which the integral depends, algebi-aic. 

For a particular case, let 

X = x", then fx''dx = j"/^ = ^'> 

and this in (1) will give 



If in this we substitute for n, in 
n - 1, M - 2 



:yG00g[c 






These valnes in (2), will give a genera! formula, in whicL, if n 
be positive and entire, the last term will be 

"We shall tlierefore have 
/..,.,... = ,^[(,.,-^i^+...±!i!^].,3, 

The sign of the last term will be plus when » is even, and 
minus when n is odd. 



If m. = 1 and 



/xfe<^. = ^(^.-1). 



If m =: and n = 1, we have 

flxdx = x{h- 1). 

If m = — 1, the second member of (3) becomes infinite. 
In this case the differential becomes 
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Making Ix = z, we have -— = dz, and 



/(&)■_ = f.Hz = 



« + 1 )i + 1' 



whioli is true for all values of n, except when » = — 1. In 
this case the expression b 



Making Ix =■ z, we have — = rfz, and 

/==/! = '-'(")■ 

189. Take now the expression 

in which X is an algebraic function of x. If wo divide it into 
the two lactors X and a'rf^, and recollect that 

a'ladx = da' Art. (39), 

whence 

a'ix = -7—, and fa'dx = -r-; 

la "" la.' 

we shall have, from the formula for integration by parts, 

Z^-"" = T -/e"-^ (1). 

If we take the successive difTerentials of S, and place 
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rfX = X'dx, dX' = X"dx, dX" = X"'dx, &c., 
we obtain 

/ -•g _ XV _ ^ »• 

y fa {/«)' y (fa)' ' 
y (fa)' ~ (fa)= . y (fa)' ' 

These values, in equation (l), give 

If the function X is gf such a nature that one of its ditfereDtial 
coefficients X', X", &o., is constant, tho differential of this will 
be 0, and the corresponding term 



/•a-dX" 

=p/(sr^ = »• 

The integral ivill then be exact. 

The expression x'a'dx, 

admits of an exact integral when n is entire and positive. 

If li be fractional or negative, we write for a' its developracnl, 
Art, (40), and then integrate as in Art. (186). 

190. By article (43), we have 

d sin nx = ndx coa nx, d cos nx -^ — ndx sin nx ; 
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fdxsinnx = 


-™. 


/ic 


In the expression 








d!i sin' 


''. 


e can place for sin 


'a^, its value, 


1 C( 

2 




l-io, /-co 


r2^x 



fdx Bin'« 

and, in general, the integral of Bimllar expressions, containing any 
power of either the sine or cosine of x, can be obtained by first 
substituting the value of the power in terms of the functions of the 
double, triple, &c,, arc, as determined in Trigonometry. 

The cspressions 

dx sia^K, dx cos"!, 

when rn, is entire, may also be integrated as follows : Mate 

. , , ^2 
Bin a; = 3, then x =. sm '3, dx =. -; 

whence 

This expression, by repeated applications of formula A or 0, 
may be made to depend upon 

/> dz p zdz 

■' (1 - «')*' °' ■'V^'^' 
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111 tiie expression 



wliicli is a rational fraction. 

Examples. 
Integrate 

1. tiw = ifa sin'a;. 2. dw = — ;-. 

cos' 3! 

3, du =: -; — . 4. du = (far tan'/. 

191. In til o general expression 

dz un'^x coi'x, 



we may place 






.inr-0 thea cos « (1 j'l* 


dx = - 


* 


, 


( 


I-..)! 


and finally, 






/J..in-;i:co,-«=/=-,fe(l- 


«•)¥, 
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which may be reduced by formulas A, B, C, and D, and in 

some cases lutegrated, as in the example 

dit = rfa aiii'a; cos'ar; wbence u ^ J'z*ds(l — z'}^. 

192. Take finally the expression 

Xrfa^sin-'ar. 

Place Xdx = dv, and sm~'x = u, then 

/Xdx = V = X', and da = —^ . 

Substituting in the formula of Art. (109), wo have 
X'dx 



fXdx sm-'a> = X'sin-';. - f- 



Thus the integral of the primitive expression is made to depend 
upon the integral of the algebraic expression —. 

Let X = x% 

/XJ« = /«-i» = j^^ = Z', 
and we have 
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By tie application of formula A or O, when m ia entire, the 
last term may be reduced, and then integrated ; except when 
« = — 1, in which case the expression becomes 



which can only be integrated by series. 

In the same way, hke expressions may be found for 
/Srfarcos-'a;, fXdxtm-^x, &a. 

IsTEGItA.TION OF DlFFEBENTIALS OF THE HiGHER OrDEES. 

193, By an application of the rulea previously demonstrated, 
we may readily obt^n the primitive function, from which differ- 
entials, of a higher order than the first, containing a single varia- 
ble, may have been derived. 

Let there be the differentia! 

d'u :=: Xdx', 

X being any function of x. 

Dividing by dx'~', we have 

dx'~^ 
and since dx"-~' is a constant, this may be written, Art. (26), 
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Integrating both members, wo have 

JV^ = fXdx = X' + C. 

After multiplying both members of this equation by dx, it may 
be written 

d('^^] = X'dx + Cdx; 

ydx'-'J 

and integrating 33 before, 

^^ = X" + C:^ + C; 

which by another transformation and integration, may be reduced . 
one degree lower, and finally after n integrations, we shall obtain 

• = ^'■'^ + ttS^) + t:^^^) + <"•""■• 

The above operation may.be indicated thus, 

u =: fXdx"; 

the symbol y" indicating that n successive integrations are re- 
quired. 

At each integration an arbitrary constant is introduced. The 
complete integral may therefore be required to fulfil n arbitrary 
conditions. 



1. Let d'u = ax''dx'. 

The required operation is indicated thus, 
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Biid may be read, the double integral ofax'dx'. 

Lot tke expression, after dividing by dx, be written 

^ - d (—\ — x'd 
dx ~ \dx) ~ ' 

whence, by intcgratioTi, 

^ = 5^ + C, <;« = — rfar + Cdx. 

(/« 3 ' 3 

Integrating again, we obtain 

2. If 

d^ti = bdx\ u ~ /'bdx', 

whicli is called a triple integral. We may write 



f?!if = df—\ = hdx- 
dx^ \dx'J ' 



-7^ :^ fe + C; 
and finally, as in the last example, 
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Integration of Paetial Diffeeentials. 

194. Hitherto, we have explained the mode of integrating onlj 
the differentials of functions of a single variable. It yet remains to 
extend our rules to the integration of those which contain more 
than one variable. 

These differentials are either partial or tolai, Art. (52). When 
partial, they belong to one of two classes: 

I, Those obtained from the primitive function by diiferentiating 
with reference to one variable only. 

II, Those obtained by differentiating first with reference to one 
variable, and then with reference to another, &,o., Art. (48). 

195. The diifeventials of the first class may be expressed goner- 
ally thus, 

d'u = f(x,y,z,&c.)dz°; d'a = /'(a:, y, z, &c.)o'y"; &c., 

in which m is a fnnction of x, ij, e, Ac^ and may evidently be 
obtained by successive integrations, precisely as in article (193) ; 
all the variab.es, except the one with reference to which the differ- 
entiation was made, being regarded as constant, and care being 
taken to add, instead of constants, arbitral^ functions of those 
variables which are regarded as constant during the integration. 



1. Let (i'M = hx^yAv:^, 

which, after diviiiing by dx, may be written 
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'(s) = '"'^'■''' 



= /bV-. = ^ + T, 



fi^'y 



dx + Yi^a; 



, = /■faV''' = ^ + T» + Y', 



in which Y and Y' are arbitrary functions of y, 
2, Let rf'w = cx'y^z'dy'. 

196. The differentiala of the second class may be written genei 
slly thus, 

rf'"+'+"'M =: /(ar, y, 2, &;c.)dx'dy''dz''...,^...f 

and the mode of integrating is plainly to integrate first, m times 
with' reference to x, then n times with reference to y, and ao on 
until all the required integrations are made. 
To illustrate, let 

1, d^u ^ 2x'ydxdy, 

which may be written 

.(!) = ...,*, 

whence, by integration with reference to y, 
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there being no neceasity of indicating with reference to whicli 
variable the integratioa is first to be made, Art (49). 

2. Let d^u z= ax'ydi/'dx. 
This may be written 

-j~s ^ ax^ydx, or a I -r-7 t ^ ax'ydx, 

dy' ' V-^yv 

Integrating with reference to x, 

which may now he integrated as in the preceding article. 

3, d^a, =; axz'dxdydz. 4, d*u = (a; + yydx^dyK 



Integkation of Total Diffeeehtials of the Fjest 
Okdee. 

m. If « =/i^,^), 

we have found, Art. (52), 
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in which 


-prf* and 


■ dV 


dy are the 


partial different! 


/(«,!/); 


and also, Art. 1 


1«). 






d'u d^u 
dSi ~ dsi-' 


or 


dy 


dm "" 


If, thei 


I, an expression 


of the 
Vdx 


1 form 

+ qdy.... 


( 



(2). 

bo the total differential of a function of x and y ; "Sdx and Qi/y 
must l>e the two partial differentials of tho function, and by the 
integratJon of eitJier, we shall obtain the function itself. 

To ascertdn, in any given expression of the above form, whether 
Pia; and Q(?y are such partial differentials, we have wmply to see 
if tiie condition (I), or 

_^ _ rfQ 

ie fulfilled. If so, the given espression is the differential of a 
function of x and y, and we have 



= /pi 



Y being a function of y, which is to be determined so as to satisfy 

the condition -— ^^ Q, 
dy 

Since tho differentia! of every term of m which contains x, when 

taken with respect to a, must contain rf:i', the integral of Vdx will 

give all that part of m which contains x. The differential of those 

t«rms which contain y and do not contain v, will bo found only in 

the expression Q^y. If, tlien, we integrate those terms of Q(/^ 

fvhich do not contain x, we shall have that part of « which con 

tains y and not x. This will be the required expression for Y 
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■wbicli added, with an arbitrary constant, to fPdx, will give the 
complete integral. 

If all the terms of the given differential contain x or dx, Y will 
be 0, and we complete the integral by the addition of an arbitrary 
constant to the integral of Fdx. 



1. Let 

die = {laxy — Zbz'y)dx + ("«' — bx*)dy, 

which, compared with equation (2), gives 

P = 2axy — Zbx''y, Q = ai' — bx*, 

^ _ _ h ^ — ^ 

This condition being fulfilled, we then have, since all the terms 
of dv. contain x or dx, 

U = f(^axy — Zbx^y)dx = ax^y — byx^ + C 

2. If ii« = - + ^2y- ^^dy, 

« = /l^ = £ + y. 

•^ y y 

The teem of Qi^y which, does not contain x, is 
2ydy, 
the integral of which is y'; hence 
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and the al)Ovo expression for u becomes 

u = l + y' + a 



S. K du 



ydx 



a:' + ?/' ' y ' 

4, Let du = {6x'j — y'')dx + {3a:' — 2xy)dy. 

198. The method of obtaining the integral of a differential, 
containing several variables, is readily deduced from what pre- 
cedes. Let 

du = Vdx + Q(Zy + K</s == df{x,y,e)....{\). 

If for a moment we regard s as a constant, and then, in succes- 
sion, y and x, it is plain that we shall have the three espres^ns 

Prf« + Qiiy, Vdx + iWs, Qily + ^2... {2), 

which, taken separately, are differentials of functions <rf two vari- 
ables, if the primitive expression is a differential of a function of 
three, and the reverse. 

But the conditions that these be each an exact differential, are 

(?P _ ^ rfP _ rfE dq _ dR 

dy ~ dx' dz ~ dx' dz '^ dy" "^ '^ 

hence, if we have given an expression of the form 

Vdx + Qiy + V-ds, 

and the conditions (3) arc fulfilled, it will be the differential of a 
function of three variables, and we can obtain the fvmctioa by 
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integrating eitter of the expressions (3),. ^ in tile preceding 
article, taking care to add to the integral a function of tliat vxn- 
able which is regarded as constant. Thus, denoting the integral 
of Vdx + Qidy by v, Vc have 

/{Fdx + qdy + K&) = V + Z (4), 

Z being independent of x and tf, and a function Of z alone ; and 
may be determiDcd by taking the integral of those terms of Bdz 
whicli contain ueither x nor y. 



199, If a function of two variables, composed of entire terms, k 
homogeneous with reference to the variables, its differential will 
also be homogeneous and such a relation will exist between the 
function and its part 1 1 ft rent al coefficients, as will enable us at 
once to obtain the fu t n 1 en tl e diffeii;ntial is given. 

To explain this reht on let 

«=/(«,y), 

and m denote the sum of the exponents of x and ij in each term. 
For X and y, substitute tx and ty respectively; the primitive 
function then becomes fu. 

In this expression, for ( put (l + ») ; then 

(-. = (1 + »)-.. 

Under these suppositions, « and y, in the primitive function, 
have become, respectively, x + sx, and y -\- sy. 

Developing this new state of the primitive function, as in article 
(48), we have 

fdu du \ , I /d'u , , , , !?'« . \ , t_ 

^ \dx ^ dy ^J Z\dx' ^ dxdy ^ ) 

= (1 + s)"u = u ^mu8 ^ m{m-l)^B^ ^ ^^_ 
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Equating the coefficients of tie first powers of the indeterminato 
*, we have 



^encei in the difiereDtial 

du = Vdx +' Q,dy, 

if P and Q are homogeneous of the (m — l)tli degree, we shall 
have, by comparison with equation (1), 



P« + ( 



• P^ + Q-y 



For esample, let 

du =■ ixy^dx + oaj^dx + ix'ydy + Zaxy'dij, 
in which to — 1 = 3, m = 4, 

ixy' -f ay' = P, 4*^ + Zaxy^ = Q; 

whence 



200. If we denote fSdx by r, we have, by passing to the 
differential coefficient, 



^ = P. 



Differentiating this with reference to the variable y, we find 
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dy liy dx \ I > 



<%) 



fdv _ 

' dx = ^dx 



Integrating with reference to the variable x, we have 

dv_ „ /^(j 
dy J dy ' 

or, since (tfP)i^« = di;^dx), 

df2dx _ r^ d{Vdx) 
dy J dy ' 

By which we see, that we may differentiate, with reference to 
another variable, the indicated integral of a partial differential, by 
simply differmtiating the quantity under the sign. 

Integration op Differential Equations. 

201. These equations, when of the first order, and when derivetl 
from equations containing but two variables, will appear as paitie- 
ular cases of the general form 

Pdar + Qrfy = 0, 

and may of course be integrated as in article (19V), when 
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dp _ d^ 

and give 

/Fd^ + T = C. 

In practice, liowever, it will in general be found that, in cons&- 
t]uence of the disappearance of a fai-tor common to both terms of 
the differential equation, or when the differentia! equation hat. been 
obtained by the elimination of a constant from the priniitivc and 
its immediate differential equation, Art (5b), this condition is not 
fulfilled; hence other means of obtaining the integral mnst be 
sought for. 

In the first place, it is evident that, if by any trau'itcrm.ition the 
equation can bo placed under the form 



X being a function of x, and Y of y, the integral can be found 
by taking tie sum of the integrals of the two terms ; thus, 

fXJt + /Yd,j = C. 

202. Among the most simple forms with which we meet, are 

I. Ydx + Xdn = 0. 

II. XYdx + X'Tdy = 0. 

The variables may be separated, in I., by dividing hy YX ; and 
in II., by dividing by YX', The results, 
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&om tlie equation, bo under the form 



we havo 

dy _ 



J%^m.. 



1. L6t ydx — xdy = 0. 
Dividing by y*, we havo 

dx dy ^ , , „ 

or, making C = IQ', we have 

/- = ZC, - = C, at = C'y. 

2, Let xy'dx + dy = 0. 

Kviding by y\ 

dv 

xdx -\- ^ = 0; 

V 

integrating, and reducing, 

a^V - 2 = 2Cy. 
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3. Let (1 ~ xYydx - (1 + y)x'dy = 0; 



whence 



And 



('-^r ,. _ i±A 



dx - ^ " dy = 0, 



2lx -\- x — ly — y = C. 

4. Let (1 + x'')dy — Vydx = 0. 

5. Let x'ydx — (3y + 1) Vx^ dy = 0. 

203. HI. In all cases where tJie equation is homogeneous with 
refareace to the variahles, they can be separated, and tho eqiiatiou 
placed under the proposed form. 

Suppose the general form of the gives differential to be 

Ax'y^dx + Hx^y'dy = 0, 

in which n + m = A + A = (?. 

Make y ■=. zx, and substitute; we thus obtain 

Ax'z"'dx + Sx'z'dy = 0; 

dividing by x', and putting for dy its value, sdx + xdz, wa 
have 

Az'"dx 4- liz^{^(!x + xdz) = 0; 

dividing by {At" + Bz^-^')x, we have 

dx Bz'dz 

T + A." + E.--H- = '' 

which is under tlie proposed form. 
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1, Let x^dy — y'dx — xydx = 0. 
Make y = zx, then dt/ = edx + xdz. 
Substituting in t!ie given equation, we bavo 

x^zdx + x^dz — z^x*dx — x*zdx = 0; 
reducing and integrating, 

xds - z'dx = 0, — I — Ix = G. 

Putting for s its value, we Lave finally 

'- = -(« + p)- 

2, If i!_±J^rf„ = vdx, ix = ~ - ly?- + c. 

X - y " ' 2y X 

3, Let xdy — ydx ^ dx va' + y'. 

204. IV. The equation 

{a -\- bx + cy)dx + (a' + b'x + c<y)dy = 0, 

may be so transformed, that the variables can be separated and 
the integral found. For this purpose let us make 
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whence 

dx = dt, d'j ^ du. 

These values in the primitive ecpation, give 

(a + fiS + ci' + 6( + cu)dt + (o' + b'S + c'J' + h't \- c'u)du = 0. 

By placing 

a + bS -ir cS' = 0, a' f 6'J + c'5' = 0, 

wo can determine proper values for the arbitrary quantities 5 and 
S', and our equation reduces to 

{hi + m)dt + {b't + <:'ii)du = 0; 

which being homogeneous with refereilce to t and m may be 
treated as in tho preceding article. 

This transformation is always possible, save when the values of 
5 and &' become infinite, which will be the case only when 

be' -~ ch' = o; 
whence 

e' = -j; b'x + c'y = - {hx + cy). 

The primitive equation thus becomes 



a which tbe variables may be separated by making 
bx ■\- cy = 1. 
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Substituting tljis, and tho resulting value of dy, the equation 



dx + - 



(a'6 + h-i)dz 



abe ~ a'b' -f- {be — bb')z 
If be - bb' = 0, 

we have at oaoe the integral 

in which the value of z ia to he substituted. 

205. V. In the equation 

dy + Vydx ^ Qilx (1)* 

P and Q being functions of x, the variables may be readily sepa- 
rated by making 

? = ^X (2), 

X being a function of x, for which a proper value is to be deter- 
mined. By differentiating equation (2), we have 

dy ~ zdX + Xdz, 

and by substitution in (1), 

zdX + X{dz + Fzdx) = Cidx....(3). 

Suppose X to have such a value that 

^dX = Qdx (i); 

" Equations of this kind, beiag of tlie first degree witli reference to y 
and %, are BOmetimea improperly called linear equatioai. 
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equation (3) then becomes 

X{da -i- Tsdx) = 0; 
whence 

- = - Fdx, h =: - /Fdx\ 

or, taking the numbei's, 

From equation (4), we have 

whence 

X = fQ,e^^^'dT. 

These vahtes of e and X, in equation (2), give 



Let dy 4- ydx := e 'dx, 

then P = 1, Q = e~% fVda: =; 

hence, by substitution in the above value of y, 

y = ,-ft-.,-d, = ,-(x + C). 
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206. If we divide the form 

dy + Vydx = qydx (!), 

by y", we liave 

~ + Fy-'+'dx = qdx (3), 

In this mak^ 
ym+i _ 2, whence — (m — l)y~"'dr/ = dz, 

and dy — — -. 

Substituting these values in (2), and reducing, we obtain 

dz - {m -\) Vzdx = - {»! - 1 ) QA^, 

the same form as equation (1) of the preceding article. Inte- 
grating this, and substituting the value of z, we shall have tiie 
primitive equation, from which equation (1) may be derived, 

207. Equations of the form 

a,y''3i''dx 4- hxfdx + cx'dy =^ 0, 
may sometimes be rendered homogeneous by making 

k being a constant to ha determined. From this, we have 
dy = ts'-'i/a, y" — z'"\ 

Those values in the primitive equation give 
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az'^x'dx -\- hx''dx + chx^e''~^d3 = 0, 
wliicli will be homogeneous, if 

km. + n =^ p = q •{■ h ~ 1; 
tliat is, when 

-^^^ = ^ + 1 - 3 = ft. 



Of the Factoes bt which certain Differential Equa- 
tions ARK RENDERED IkTEGRAELE. 

208, It has been remarked, article (201), that differential equa- 
tions sometimes fail to fulfil the condition of intcgrahility, in eon- 
sequenCG of the disappearance of a common factor. Whenever 
this factor can bo discovered, by trial or otherwise, the integral 
can at once he fonnd, as in article (197). 

Let '2dx 4- Qrfy = 0, 

be a differential equation in which the condition ia not falfilled, 
and suppose that 

"=/{'. y), 

is the factor by the disappearance of which the given equation has 
resulted. The immediate difierential equation will then be 

Vzdx + Qsrfy = 0, 

from which we have the condition, Art. (197), 

rfPs __ (JQ; . 
dy ~ lia ' 
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or, performing tho differentiation, 

edF Tdz __ zdQ ijdz 
dy dy ~ dx dx ^ 

or 

(-|-4) + (f-f)^ = » <■)■ 

This equation expresses a relation between z, x, and y, but its 
solution in the general case is so difficult, that nothing will be 
gained by attempting it 



209. If it be possible t« find one factor which will render the 
differential ecjuation integrable, an infinite number of others will at 
once result. Por, suppose an expression for z has been found ; then 



is a differential which is integrable. If we multiply both members 
by any arbilrary function of u, denoted by U, we have 

TizVdx + TJsQi^y = Mdu. 

"Udu, containing m alone, is a differential; hence the first mem- 
ber is also a differentia! of some function of x and y, which admits 
of integration ; and sU, or 

z^f{zVdx + ^Qrfy), 

is a factor which wii! render the given 
integrable. 



210. In the particular case where a is a function of x only, its 
value can he determined, as we shall then have 
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and equation (1), of Art (208), will reduce to 

_ ^ 4. (^ _ ^\ ~ 
dx Xdy dx J 






But bj hjpotliosis s ia a function of a, therefore 
1 /d'P rfQ\ 






whence 

/s = fXdjr, s = ef^. 

Let this be illustrated by the example 

dx + 2xydy + 2j/^dx = 0, 
in wbicb 

P = 1 + 2y', Q = 2«y; 



aXdij dx) - X ^• 



1 (d-p dQ\ _ I 
and 



being the common factor, the immediate differential eqwatio. 
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scdx + 'ix^ydy + 2xy''dx = 0, 

which, can be integrated as in article (1 97), 

In a similar way, if z —f'{y), its value may be determined. 

To ascertain whether a proper expression for s has been thus 
obtained, we multiply by it, and then apply the test as given in 
Art. (197). 



211, If the given differential equation be homogeneous with 
respect to the variables, a proper expression for z may be found,- 
Let 

Vdx -\- Q/ly = 

be homogeneous and of the m — V^ degree, and suppose a is of 
the n"" degree : then 



Avill be of the m ~ 1 + ?i"' degree. Hence, by Art. (199), we 
/{zMx + ,Q.dy) = '^l + '^^ ^ C; 

* - Par + % I'x + <iy' 

since, C being arbitrary, we may m.ike 

C(m + n) ^ I. 

212, If the given differential equation can be divided into two 
parts, and a separate factor can be found which will render each 
part integrable, a tliird factor may sometimes be deduced from 
these, which wil! render the given equation integrable. Thus, let 
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Vdx + Qdy = 

be divided into the two parts 

{'P'dx + Q%) + {V"<ix + Q"dy) = 0, 

and suppose 2' to be a faetor which will render the first part inte- 
grable, and t" a like factor for the second part; then 

z'Vdx + z'Q'd^ = du', g"V"dx + s"(^'dy = du"\ 

from which »' and w" may be obtained as in Art. (197). Then, 
from Art;, (209), z'U' and z"W are also factors which will render 
the respective parts integrable, U' and U" being arbitrary functions 
of u' and v". \% therefore, we can assign, hy trial or otherwise, 
such values to TJ' and U" as to make 

z'TJ' = s"W, 

the expression resulting will be a factor which will ronder the two 
parts integrable, and of courEe the given equa^on. 



IhTEGEATIOH of DiFKEEENTIAI. EqTTAITONS COKTAmiNG THE 
HiGUEK POWEES OF Ay. 

213. Differential equations of the first order, containing the 
higher powers of dy, may arise, as in the third example of articlo 
(58), from the elimination of the higher powers of a constant. 
Such equations, after division by dx', may be put under the form 

(i)"+»'(sr +^=«--»- 

iloaedb.GoOgIc 



Thdtm t fthrmt jatn llthndpd 

p tl 1 t n f 1 t (1) I th d t tl fi t 

mb nt ts f t rs f tk h t 1 gr Th a h 

f t s,a d t pi th t h h [l 1 q 1 t 1 

teo-td II g aqt tt y li hli }t 

ded as pnm t q ti 

It, then, the \a!ue3 of -/ be denoted bj \, V, \ , A.c, 

equation (1) may be written 

which may be satisfied by placing 

j?_r = 0, f-Y' = % to (2)1 



and if the corresponding primitive equations be denoted by 
P = 0, P' = 0, P" = 0, &G., respectively, we shall have 



■ ■{'), 



for the most general primitive equation, particular cases of which 
may bo obtained by placing P ^z: 0, P' = 0, or the product 
of any of these factors taken two and two, or three and three, &«. 
It would appear, since a constant ia to be added iu the integra- 
tion of each of the equations (2), that (3) ought to contain » 
arbitrary constants; but equation (1) can only be deduced from 
its primitive equation by the elimination of the nth power of a 

constant : [Or by raising { T" ~ "^ ) to the nth power, in 

which case the primitive equation must be y = /Ydx], It is 
plain, then, that the constants added ought to be equal, or that 
the same should be added in each integration. 
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The n differential equations of the first degree which are factors 
of (l), are readily accounted for, by supposing tbo piimitivc equa- 
tion to be solved with reference to C, which will have n values, 
each of which, differentiated, will give one of the equations 
referred to. 

As there will be diffiouHy in the solution of equation (1), when 
the degree is higher than the second, it will be well to discuss 
Bonae pai'ticniar cases which admit of integration by othsr means. 

214. I- If the proposed equation does not contain y, and it be 
easier to solve it with reference to x than with reference to ~, 
which we will denote by ?), we I'.an thfn obtain 

^ = Pil') (1)- 

Bat d'j = pd.i:, 

and by parts, article (169), 

y = px — fxdi> = px — /ip{p)'ip + C; 

whence, if (p (p)dp can bo integrated, p may be eliminated by 
the aid of eq\iation (l), and the primitive equation between x, y, 
and C, deduced. 

It, If the proposed equation docs not contain x, and may bo 
solved with reference to y, we shall have 

y =/W P). 

* = i/W, <•' ri' = Vfr); 

■wheDce 

tlostedbyGoOgIc 
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Combining this with equation (3), and eliminating 2>, a primitive 
equation will result between ar, y, and C 

III. If the proposed equation is homogeneous with respect to 
the variables of the ntii degree, we may make 



■ •(*). 



and then divide by x°, and, if possible, solve the equation with 
respect to C, and have 

' =/W (5)- 

Differentiating (4), we have 

dff = xdt + Idx, or pdx = xdt + Idx, 

dx dt ^f(p) 

X ~ p ~ t" p ~ /{pY 

the integral of wbicb is 

Ix = <f(p). 

By combining tbis with (4) and (5), a primitive equation b&- 
t-ween y and x may be obtained. 

IV. "When both variables enter, but y enters only to the first 
power, we may take its valae«in terms of p and x, differentiate it, 
and tbus obtain 

dy z= -Rdx + 8dp; 

or, since «?y = pdx, 

(R - p)dx + 8dp = 0. 



:yG00g[c 



396 INTEGRAL 

If til's can be integrated, the result may be combined with the 
proposed equation, p eliminated, and a primitive equation between 
y and x determined. 

Suppose tbe deduced value of y to be 

y = px + P (6), 

in which P := f{p]- ■^y differentiation, we obtain 
dy =; pdx 4- xdp + --r~dp; 

('+!)* = ». 

which may be satisfied by mating 

« + f=0 ('), O' * = <! W- 

Equation (8) gives ^ = C; 

whence, by substitution in (6), 

y = C^ + C, 

C being what P becomes when p = 0. 

Equation (7) expresses a relation between a; and p, and if it be 
combined with (6), and p be eliminated, an equation between x 
and y will result, which will contain no arbitrary constant. 

Let there be for a particular example 
ydx — xdy = n Vdx' 
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dy - pdx + adp + ~J!t.l—, 








whence 




a; H^ ^^^== = 0, rfp = 0, or j) = 
Vl +^= 


= C. 


This Taiue of p in (fi) gives 




y = C^ir + «Vl + C. 




From the other factor we have 




- = *v^--.' 




which, in (9), gives 





a result containing no arbitrary constant, which will be furthe 
explained in the following article. 



SiKGuLAE Solutions. 

215. It has been seen, that many differential equations of the 
first order result from the elimination of a constant from the 
primitive equation and its immediate diSerentul Ihus, let 

/('.y,C) = o (1), 

be the primitive equation containing the variables a: and y, and 
the constant C; 



..Google 



398 IKTEGEAL 

Tdx + Qdy = (2), 

i:s immediate differentid equation; and 

Vdx -i- Q'l/y = (3), 

the rpsult obtained by the elimination of C from (1) and (2). It 
may now be asked : May not such a function of ss and y be sub- 
Btituted for C, ttat the result of the combination of equation (l), 
under this supposition, with its immediate differential, shall be the 
came aa before! To answer this, let equation (1) be differentiated. 
If, y, and C being regarded aa variables ; we thus obtain 

-Bdx + QiZy + G'dd = 0....(4). 

Now, if G'dG = 0, it is plain tljat equation (4) will be the 
same aa equation (2), and the result of the elimination of C be- 
tween it and (1), will then be the same as equation (3). 

If, then, for C in equation (1), we substitute the variable value 
deduced from the equation 

G'dG = 0, 

that equation will contain no arbitrary constant, and yet will be 
as much a primitive equation as any one containing the arbitrary 
constant. 

Such results are termed singular solutions, inasmach as they 
cannot possibly be obtained from the complete integral. Art. (180), 
by assigning to the arbitrai-y constant a particular value ; the latter 
results being called particular integrals. 

The equation G'dG = c^n bo satisfied, by making 

dG =z 0, or C = 0. 

The first gives C ^ a constant, the particular values of which, 
when substituted in equation (l), give particular integrals. 
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The values of C (Seduced from C = 0, if variable, will tlien 
give the only siogular solutions. 

To illusti'ate, let us resume the complete integral of equation 
(9), in the preceding article, 

, = Ct + .VTiTc- (5). 

Differentiating with reference to C, wo have 



- + - 



vr 



the negative value of C being plainly the only one which will 
satisfy equation (G). Its substitution in (5} gives 



■ '^^-. 



the singular solution found in the preceding article. 



Integeation of Diffeeektial Equations of the Second 
Oedee. 

216. Of these equations, which, in their most general form, 

contain -t4. -;~i V< >", and constants, wo shall only discuaa 
ax' dx ■' 

those particular cases which admit of integration. 
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I. The proposed equation may contain only 
staiifs ; iu which case, solving it with, reference to --j-^, 





^ /('). 






which may be integrated as in article (193). 






217. 11. It may contain only 


Y^, y, and constants. 


Solrii 


-g 


the equation as before, we obtain 








d-'y 

dx* ' 


= Y. 






Multiplying by 2 dy. 








2dy d-'y 


= 2Yi,, 






aaH integrating, 









whence 



•ly 



d, = , -' « = f ^. ■"' . 

•z/YJy +0 ■' Vi/Ydy + C 
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1. If 


a=rf'y + ydx' = 0, 




y 2dy d^y 2ydy 
a" dx dx ~ fl' ' 




- f; + 0, 1 = •« - g, 







which may be integrated as in example (5), article (162), 
2, Ijet d^y Vay = dx''. 

218. III. Tte equation may contain only -j^, — , an*' 
constants, being expressed generally thus, 

^(g. © = » w- 
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vjhieli is of the first order with reference to rfp, and maybe solved 
ivith reference to d.v ; whence 



d^ = r(p)dp....(2), X =/V(p)dp + C....(3). 

Multiplying (2) by p, we Iia^o 

pdx = dy = pF'(p)dp, y = /pr(p)dp + C'....(4). 

Eliminating p from (3) and (4), we have the primitive equa- 
tion between x, y, and the two arbitrary constants C and C. 



For an 


1 example, let 


{d. 


' + 


df)^ 




dxd 


V 






adp 



(1 +y*)' 

Integrating the last two expressions, we hav 
X = C + - 



and eliminating p, 

(« - C)- + (y - 0')' = .', 

as was to bo expected, since the proposed equation express 
constant radius of earvature. 



..Google 



INTEGRAL C 

219. rV. If the given equation does not contain y, it may be 



wliich 13 of the first order witli sefercnce to dp. Its integral will 
give an equation of the form 

f{p, x) = 0, 

in which, p being replaced by -r-, and the result integrated, 
we shall have 

f'{y, ^) = 0, 

with two arbitrary constants. 

For an example, let 

rf'y _ dy I 
dx' ~ dx a;' 

dp p dp dx 

7p = fo + C, p = G'x, 

220. V. If the given equation does not contain x, it may be 

^(S. !-) = » w- 
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Since dy = -pdx, 

dy d^y dp ^p 

;p ' rfs° dx dy ' 

and equation (1) may bo written 

wiich is of the first order with reference to dp and dy. Its i 
tegral will then be expressed 

F{y, y) = 0, or r'(^, ,) = 0, 

and this may be treated as in case II., Art. (214). 



221 . VI. If the equation be of the form 




S + ^l + ^'' = °- 


•■■(!)■ 


Moke y = .'- 


...P) 


then 





dx' \ dx/' 



These values in (1) give (since the common factor e^'^ dis- 
appears) 

J + „. + X. + X' = 0, 
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which is of the first order with reference to du. After integration, 
the value of « being determined and substituted in (2), will give 
the rec|uired primitive equation, 



Integration op Diffekential Equations of HiqiSee. 
Okdeks than the Second, 

222. Of these, it will also be sufficient for our purpose to discuss 
a few of the most simple eases. 

L Suppose the equation to contain only tt^i "• j-j i sod 

constants ; it may then be expressed, 

^ /</'?/ d'~'v\ , , 



\dx'' dx— 


^;=" ^^^• 




M>ke 






%^,=u; then 


d'y du 




Tliese values in (1) give 






K£-») 


= 0, 




which is of the first order ; and its in 
X, or 


itegral will give u ii 


1 terms of 


. = X + C, ^5^ 


3 = X + c, 




and finally. 






y =/"-'(X + C)rf;.''~'. 
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. n. Suppose the equation expressed thus, 
fd'y d''~''y\ 



^©. £3) = » «■ 



d"~')/ , d'y __ d''u 

dx''~' ' dx' rf»'' 

and equation (Ij will become 

which may be integrated as in article (217), and the value of 
u = /(a;) determined; we shall then have 

224. III. Suppose the equation to be of the form 

d^i/ + Ad'ydx + 'Bdydx'' + "Dydx^ = 0. . .{!). 
Make 

y = '• B. 

« being an arbitrary function of <c ; then 

dy = e'du, d''y ~ e''{d'a + du^), 

d'y = e'{d'u + Sdud'u, + iu^). 
These values in (1) give 

d'u + adud'u + da' + A{d'u + du')dx 

+ Bdiidx' 4- Itdx' = (3). 
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Since u, in equation (2), is arbitraiy, let such a value 1 
issigned to it, tliat its differential shall be constant ; in which cai 

dti = mdx, d'u = 0, d^u = 0. 

Equation (3), under this supposition, reduces to 

m^ + Am' + Bm + D = (4). 



From this equation we may determine the value of the constant 
n. Denoting the three roots by 



we have for da the three values 
dri ^ mdx, da -^ », 

whence 



e'' = C, e"' = C, e"" = C", 

y = Ce-", y = G'e~", y = C"«""". 

But since these values of y each contain but one arbitrary con- 
stant, tbey must be particular cases of the general value of y, 
which must be of such a form that either of the above particular 
values can be deduced from it; tiiat is, 
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from which the first particular value h deduced hy mating C and 
C" = ; and in a similar way, the others. 

If two of the roots m, m', m", are equal, that is, if ft = m', 
we should have the equation 

y :^ (C + C')e™ + C'e"'" = 0°" + C'V"'", 

containing but tvm arbitrary constants, C + C being denoted 
by C. It is not then general. But in this case, y = Ce"", 
being a particular value, 

V = C'l." (5) 

will be another; for, diiferentiating it, we have 

dy = C'e""(l + m.x)dx, 

d^y = G'e'^{2m + m''x)dx\ 

d'y = C'e'-{Sm'^m'x)dx\ 

and these, substituted in equation (1), give 

(m=4- Am' + Em + D)a; + (3»»' + 2Aj« + B) = 0....(6). 

But the coefficient of x is the same aa the firs* member (rf equa- 
tion (4), which has two roots equal to m, ; and 3ni' + 2 Am + B 
is its first derived poljinomial, which, when placed equal to 0, must 
have one root equal to m, (see Algebra) ; henoo both terms of (6) 
are 0, and y = Cice"" satisfies the given differential equation, 
and must therefore be a particular value of the general one, 

, = a- + c'»- + c".-"-. 

If m = M.' :^ m", it may be shown also hy trial, as above, 
tbat 

y = G"xU~ 
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is a particular value; wlience the general value must be 

Two of the roots may be iinaginary ; but, as the discussion in 
this case is quit« complicated, and of little value to the student, we 
omit it. 

To illustrate the above, let 

d'^y + Q.d'i/dx -~ dydx* — ^ydx' t= 0. 
Comparing this with equation {!), we have 

A = 2, B = - 1, D = - 2; 

and equation (4) becomes 

ni» + 2m' ~ m — 2 = Oj 
whence the fhrea values of m, are 

— 2, 1, and — 1, 

and the general value of y is 

y = Cb-" + C'e' + C"e". 

225. It is plain that the preceding principles can readily be 
extended to the general equation 

d'y + M'-''ydx -\- 'Bd"-'>yd:cK + Uydx' = 0, 

and that the general value of y will be 

y = (>"■ + C'e"" + Ce""' + &c 
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226. If the equation bo 

(?'y + 'Kd''ydx + X'dydx^ + X"ydx^ = 0...{1), 

in which X, Ac, are functions of a;, the difficulty of integration 
is much increased. If, however, we know three particular values 
of y ; Gy', C'y", C'y'", each of which will satisfy the giveii 
equation, then the general value of y will equal their sum, that is, 

y = C/+ C'y" + Cy (2). 

To verify this, let equation (2) be differentiated three times, and 
the proper values substituted in {!) ; we shall thus obtain 

C{d^y' + Xd'y-dx + X'dy'dx^ + ^SJ'ydx^) ) 

+ G'{d'y" + Xd''y"dx + X'di/'dx' + X"y"dx') [ = 0, 
+ C"(d'y"' + Xd'y"'dx + X'df'dx^ + X"y"'dx') 

which is satisfied, since each of the three terms is, by 
equal to 0. 

227. The above demonstration can be generaliBed, and a similar 
result obtained for the equation 



This, and the equations discussed in the three preceding articles, 
>elong to the class termed lineuT. Sec note to article (205). 
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Integkation of Paktial Differential Equations of the 
First Okdek. 

228. A partial differential equation of tlie first order, derived 
from an equation between the three variables z, y, and x, s being 
regarded as a function of x and y, contains, in its most general 
form, the three variables, the two partial differential coefficients, 

the most general, we will confine ourselves to a few of the moat 
eimple cases. 

I. If the equation contains but one partial differential coefficient 
and the two independent variables, that is, if 



■■ P. 



V being a function of x and y; we integrate a 
(195). For example, if 



: ,^^_ , z = Vx' + y' + Y. 



229. II. Let the equation b 



^ - "^ 

P b g af t f th tl bl S th prt Idf 

f t 1 fl" t 1 b bt d 1 tb pp t th t 

y tt,tlppdqt jV dd dff 

ntalqt btw d d yb t tdas 

art I (201) tak g t dd b t j f t iy 
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1. Let 



dx ~ z 

Ey tlie separation of the variables, we have 

xdx = — — , 

and by integration, 

\ - - Vy' ~ s' + ?(y), 

2. Let 



dx u" + a 



230. in. Let tte equation be 

^,d» ^..dz 
T "^ T ~ ' 

M and H being functions of x and y. 

Solving the equation with reference to -j- 

dz _ _ N^ 
dy Mdx' 

But, aince s ia a function of x and ^, 
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or, by the substitution of Uie value of -r-, 

dz ,, N , . dz f^dx -~ My'v , , 



If S be the factor which will mate lidx 


— K(/y integrable, 


we may write 




S(Mrfi-N<fi/) == du, 




which, in (1), gives 




1 dz , 




to Batisfy which, it is only necessary that 


1 ''" p/ \. 


whence 




dz = F(u)da, z = 


M«). 



tie form of this function being arbitrary. 
Examples. 

'■ " '%-'% = "• 

'iidx — Niy = s^dx + t/dy, 
which is made integrable by the factor 2, and we have 

k' + y' = M, and Z = p(ar' + j/'), 

which is the general equation of a surface of revolution. 
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2. If y~ + X-^ = 0, 

TUdx — lUdy = yix — x 



ifhich may be integrated by the aid of the factor — ; whence 






AtFLICATION of the CALOTTLtrS TO THE DeTERMLNATION OF 

CuEVES WITH Paeticulae Peopeeties. 

231. By means of tKe preceding principles, wo aro often ena- 
bled to deduce the equation of a curve which shall possess a 
particular property. 

I, Let it be required to find a curve whose subnormal shall be 
constant. The constant being denoted by a, we place the general 
expression for the subnormal, Art, (85), equal to a, and have 



— _ uj, -]- >j, y ^ '"-t T sv-, 

the equation of a parabola. 

II, Find the equation of a curve whose subtangent is constant, 
riace 



a^ _ 
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Integrating, 

aly = a:, or ce = log j/ + C, 

the equation of a logarithmic curve, the modulus of the system 

III. Let prohlem I, he generalized, and let it be required to find 
a curve whose subnormal shall be a given function of the abscissa, 
denoted by X. Then 

yg = X, ydy = Xdz, 

y' = 2f'Xdx. 

As a particular case, let X = — . Then 

IV. Let problem II. bo generalized in like manner. Then 

- dx ^ dx dy , /-rfT 

»;% = ^' X = 7- " =/x- 

Ab a particular case, let X = 2x. Then 

'^ =/^ = > + «. 

2ly ~ h -\- 2C, hf t= Ix •{■ 2C; 

or, denoting 2C by /C, 

h/ = IC'x, y' = G'x, 

the equation of a common parabola. 
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V. To find a curve whose normal is constant. Place the gen- 
oral expression for the normal, Art. (85), 



ydy 



and by integration, 

- («■ _ ,-)• = , + C, o, «•-),•=(, + C)', 

the equation of a circle. 

VL The curve whose tangent is constant may also be found by 
placing 



and this problem and the preceding may be 
problems III. and IV, 



VII. Required to find a curve, such that ita nonaal shall be a 
mean proportional between a given line and the sum of its abscissa 
and subnormal. 

We have at once from the conditions, 

..(.+, I) = ,.(■+*;), 

dy 
2a denoting the given line. Solving this witii reference to -y-, 

Ai't. (213), we have, for the first value, 
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dy _ a (a> 2ax y_ 

dx ~ p Ky'' p' / ' 

2adx — ^ijdy 
2(0' + 2m — y'')i 

The integral of tlic first memtcr is evidently the radical in tlie 
denominator, Art. (25), and we have 

(a= + 2ax~y')^ = ~ x + C, 
or 

«■ + 2« - ,• = (C - .)', 

the equation of a circle. 

232, Let it be required to find a curve whicli shall int«rsect, at 
a given angle, a class of curves whose equation contains but one 
arbitrary constant. 

Let the general equation of t!ie class of curves be 

/ = /(",»■) (1). 

a being the only arbitrary constant ; by assigning values to which, 
in succession, the particular curves are determined ; and let x and 
y denote the co-ordinates of the required cui-ve. Then if T denote 
the tangent of the angle at which this curve intersects each partic- 



in which p and ^' are the tangents of the angles which the 
tangents to the curves, at their point of intersection, make with 
the axis of X. 
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If tho gi q t b diff t tod d th [ f 

jo' bo found d b 1 1 t d (2) d t! th It mb 1 

with (1), aiblmtdthfilit Ublfet 

one of the p rt 1 n ti t th If ti 

i?i]uatioii, arbmd jilt dy= tthpt 

o( intersect f th th bl q 1 w ball 

have the diff t 1 c| t { tl j d 

1. Let the equation of the class be 

y' ^=: ax' (3), whence -j-; ^^ a ^ p'; 

and let the angle be 45°, in which case T = 1. 
Substituting these in (2), and reducing, we have 



: 1 + 



dx:' 



Eliminating a by substituting its value taken from equation (3), 
making at the same time x' = a:, and y' = y, we have 



This, being homogeneous, may bo integrated as in Art. (203) 
or Art. (211), and we shall obtain 



E in this we put for x, r cos v, and for y, r sin v, by which 
the reference is changed to the system of polar co-ordinates, w 
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l-^ = tan '(tany), or l^ = 

the equation of a logaritJimic spiral, Art. (143). 
2, Take the parabolas given by tlio equation 

y'" = ma;' (4), whence 'fy - 



and let it be required to find the curve which cuts these paraboli 
at right angles. In this case T = co , and we must liave 



Substituting the above value of p', we have 

1 + =?; = 0. 

Eliminating m by equation (4), and making y' = y, 
1 + -^-~ = 0, or 2xdx + 2/dy c= 0. 
Integrating, 

a;' + ~ = C, or 2;r' + y' = 2C, 

the equation of an ellipse. 
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[PIOATrON OF CuKTEa. 



233. The rectification of a curve is anj operation by -wbicli tlie 
muasure of its lengtli is obtained. 

In article (90), we bave sbown bow to find an expression for 
t!ie differential of an arc of a plane curve, in terms of eitber vari- 
able and its diifcrential. If tkis espreaaion can be integrated, we 
can, by its integration, obtain an expression for the curve itaelf. 
From tbis results tie following simple rule for tbe rectification of 
any plane curve : Deduce, as in Art. (90), an expression for the 
differential of the arc, in terms of eitker variable and its differential, 
and integrate the result. We shall thus obtain an expression for 
an indefinite portion of the arc. For the length of a definite 
portion, take the integral between the limits designated by tbose 
valaes of the variable which correspond to its extremities. Art. 
(IGC), and the numerical value of this expression will be tbe 
required n 



234. The curves represented by the general ecjuation 

in which m and n are entire and positive, are called parabolas. 
This equation can be written 

y = p'x" ^ p'x'........{l). 

Ey differentiation, we have 

dy =2 rp'x'-^'dx. 
By substituting this in tbe expression 
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aad indicating the integration, we have 



z = fVd^^ + dy' = /dx{l + cy'K"-')^ 

This admits of an exact integral, wten either 

-J-, or - f ^— + 1), 

is equal to a whole number, Art. (lie) ; and a general expression 
for the length of the curves may ttus be found in terras of x. 

If, in equation (l), we mate r = -, we have 

y = p'x^, or y' = ii"x\ 

which is the equation of a cubic parabola. In this case, 

If we wish the length from that point whose abscisga is a, to 
that whose abscissa is b, we take the integral between the limits 

Let US, however, estimate the arc from the vertex, or suppose 
the origin of the integral to be at the point where * = 0, Art. 
(160); we then have 



whence, denoting this particular integral by s', 
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for tho length of any arc from the vertex to tbe point whos 



y = p x\ or y" = p 'i 

the equation of the common parabola. In this case 



i = /5 



which may be made rational, and integrated as in Art. (172). 



235. The lengtli of the common parabola may also be deter- 
mined in terms of y. By differentiating tlie equation 



* e obtain 

iydy = 2pdx, dx = ~. 



This value in the expression 2 — /Vdx' + dt/\ 



which, by formula B, may be reduced to 



_ y^/p' + y' P 



'i-i, %J /p 



P / • dy 
'iJ Vp« + y* 
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hence 



If we estimate tlie arc from the vertex, where y — 0, we have 
= |(p + C, «, = - |iy; 

ind finally, denoting the particular integi-al by s', 

- + v'{KV9'^^' + y) - ipl 



y^/p* + y' 



1p 



236. For the arc of the circle, we have. Art. (90), 

which can ie expressed hy a series, and the length of z determined 
approximately. 

g the equation of the ellipse, we deduce 



dij -. 
whence 



a. y aj . 



which can only be expressed by a series. 
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237. The differential equatioB of the cycloid, Art. (131), ie 



dx =- 



By the sabstitatiou of this value of dx, we obtain 



whence, article (158), 

2 = - 2 V2r{2r — y)^ + C = — 2 V2j-(2r — y) + C. 
If we estimate the arc from the point J>, where y = 2 r, we 

= + 0, or C = 0, 

and 



z- = DM 
From the figure we see that 



: - 2V27{27-T,)....(l). 



DF = VdG X DH = V2r{2r-y); 



DM : 



3DF, 



or the arc is equal to twice the corresponding chord of Ike geneiuiing 
circle. 

If in equation (l) we make y = 0, and denote tEe definite 
integral by s", we have 



-, DMA = - 4r =: - 2DC, 



lain article (135), 



:yG00g[c 



CALCULUS. 325 

238. For the rectification of tie spirals, we take the expression 
in article (138), 

dz = ydr^ + r'dv'. 
By differentiating the general equation r = av", we deduce 

whence, by substitution, Ac^ 

Z = fav'-'dvVn'Tl^' (I), 

For the spiral of Archimedes, Art (140), » = 1, a = — , 
and the expression becomes 

and the pai-ticular integral estimated from the pole may be ob- 
tained by placing 1 for p, and v for y, in the expression for z', 

in Art. (235) ; whence, after multiplying by — , 

"' = ^(.^'V'nf^j + l(VTTV + „). 

For the hyperbolic spiral n. = — 1, and expression (1) 
becomes 

Z = a/v-'dv Vl + f''. 

For the logarithmic spiral, when M = 1, wo lave 
V = Ir dv ^~ 

z = fdrVi = r^/'i •\- C; 
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or, estimating tlic arc from tho pole, where r =; 0, wo have 
or the diaponal of the square upon Ike radius vector, 

QuADRATTIIiE OF CuETES. 

239. The quadrature of a curve is the operation by which the 
measure of the area liraited by it, is determined. 

To determine the area' limited by the curve and either of the 
co-ordinate axes, tee find, as in article (92), an expression for the 
differential of the area in terms of one variable and its differeatitil, 
and integrate this. The result will be a general expression for on 
indefinite portion of the area. For a definite portion, we take the 
integral between the limits designated by those values of the vari- 
able belonging to the extremities of the limiting ctirve. The 
niimericHl value of this will be the requi 



240. The value of y, taken from the general equation of parab- 
olas, Art (234), is 

y =y^' (1). 

which, in the formula ds = ydx, gives 

. = ff'rd, = i^ + 0. 

If we estimate the area from the origin, where a! = 0, we 
have 

C = 0; 
whence 
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that is, the area of a portion of a parabola, included between the 
curve, the axis of X, aad any assumed ordinate, is equal to the 
rectangle of the ordinate and corresponding abscissa, divided by 
r + 1, Hence this portion of any parabola is always coiumen- 
enntble with this rectangle. 

The same result may be obtained otherwise, thus; The value of 
from (1) is 



and this, in the formula, gives 



=/ 



r 4- I 1^' r A- 1 



ts before. 
For the common parabola, we have )■;=—; whence 



1 



5^- 



For the cubic parabola, 



241. The value of y taken from the equation of the oUipse 
referred to its centime and axes, is 
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^ /-» , 

y = - va" — a;'; 
hence 

. = ;/(<.' - :c-)id,. 

By formula B, 'we have 

But 

/i(.. - ..)-* =/7^i= = .in-i + C; 
J Va' — x' « 

whence, finally, 



s-v/a' - x" -\- -sin-'- + C. 



/"i^ 




Taking the area between the limits 


/ 


\. 


X = Q, and X = a. 


^ 1 


~B 


we have 






for X = 0, 




ah 
s = ^sin-"0 + C = C; 

06 . _ oh-n 



and for the difference, or definite integral, 

s" = jTT = CDB = itli of the ellipse; 
hence the entire area is ttoS, 



..Google 



CALCDLUS. 



If a = b, the ellipse becomes a circle, of which a is the 
radius ; whence the area of the circle ia 



Tra' = 7r{radiu8}'. 
The same result may he ohtained by taking the value 



y = V^Bj: — a:'; 
whence 

s = /dm V2Kx — a"; 

for the area of an indefinite poition of the circle. 



242. In order to find an expression for the area of a portion of 
the hyperbola, it will be best to take its equation when referred 'a> 
the centre and asymptotes, 



and, since the asymptotes are oblique to each other, we must ii 
the formula deduced in article (92), 

ds = sin 13 ydx, 

8 being the angle included by the asymptotes. 



being substituted in the formula, gives 
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If we call the distance CB = 1, and estimate the area from 
the ordinate AB, for which a =; 1, we have 




or, since sin j3 may be regarded as 
the modulus of a new system of log- 
aritlims, we have 



or, tht area hetween, the curve and asymploie, estimated from the 
oidinate of the vertex, is equal to tlie logarithm of the abscissa of its 
evtreme point, taken in a system whose modulus is the sitte of the 
angle made by the asymptotes. 



243. The value of dx taken from the differential equation of the 
n'cloid, and substituted in the expression s ■=■ Jydx, gives 






Van 



which can bo reduced by formula E, and finally integrated. 



A more simple method, however, is to obtain directly the 
ALD. If we denote P'M ~ %r ~ y by 2, wo shall hav 



: {2j- — y')dx = dy</lry ■ 
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g r= J'dy y-lry — y', 

Ent this is evidently the area of a portion of a circle whose 
radius is r, and abscissa y, Art. (241); that is, the area of the 
segment CFH, If we estimate tliese areas, the first from AL, 
and the second from the point C, they will hoth be 0, wlieii 
y = ; the arbitrary constant to he added in each case will 
then be 0, and wo have 

ALP'M = CFH, 

and when ij = 2r, 

ALD = CFD = ^. 

Bwt the area of the rectangle 

ALDG z^ AC X CD = ixr.lr = 2nr>; 
hence 

area AMDC ^ ALDC - ALD = ^ 7rr\ 

double of which, or the area included between one branch of the 
cycloid and its base, is equal to three times the area of the tjen- 
erating circle. 

From this we see, also, that the area included between one 
branch of the cycloid and its base, is equal to three-fourths of lk€ 
rectangle described upon t!ie base and axis, 

244. For the logarithmic curve 
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hence s = /hgxdx:, 

s = xlogx — M« + C Art (169). 

M being the modulus. 

If we estimate ft'om the point E, whero 
a; = 1, we have 

= - M + C, C = M, 

and 

s' := X log X — Mx + M, 

If we take the area included between the curve and axis of Y, 

g r^ /-xd^f = fxli~:= Ux + C, 

or, estimating from the line AB, for which x ■= \, 

C = — M; whcEce s' = M(.r — 1), 
If X = Q, we have s" = - U = area Y'ABM'. 
If X = % " s" = M = areaABMS'. 

245. The curve given by the equation 

Cj p-'-^F to which, as in the figure, the axes of co-ordinatcB 
A p ^ are asymptotes, presents a similar case. 

By differentiatiob, we obtain 
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y 

Estimating tlie area from the line AY, where y = 
^ -^ + C, C = 0, 



By making ?/ = 1 t= MP, we have 

s" = 2 = APMD; 

that is, the area APMD is finite, and equal to twice the squar 
APMC, although the curve docs not touch the axis of Y at a finit 
distance. 

If we take the area between the hmits y = 1, and y = C 
we have 

area FMPZ = | - 2 = <o . 



246. For tie quadrature of spirals, we take 

ds = -^.... Art. (138), or s = J -— (1;. 

Tlie valne of r' taken from the general equation of spirals, Art. 
(139), is r^ = a^v'". This, substituted in formula (1), gives 
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Estimating tie area from the pole, where v :::^ when « is 
positive, and co when ii is negative, we have, in all cases except 
when n is negative and numerically equal to or less than -^, 
— 0, and 

' "^ 4« + 2' 

For the spiral of Archimedes, » = 1, and a=— -; ivhence 



If in this we make 




PMA included witiiin the firet spire, or that 
described by one revolution of the radius 
vector. Since PA ~ I, tt represents tlie 
area of the circle PA ; hence 

area PMA = — of the circle PA 

If i. = 2(2tt), 



whicli !s the whole area described by the radius vector during two 
revolutions. But it is plain that, diiriug the second revohitiou, the 
irnrt PMA wilt be described a second time ; hence, to obtain the 
area PAM'U, we must subtract tliat described during the first 
revolution ; we then have 
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and in general it will be seen, that by each revolution of the 
radius vector, the area before described will be increased by the 
area from the pole out to the last spire ; hence, to obtain the ai^a 
from the pole out to the mth spire; from the whole area described 
during ra revolutions, take the area described during 7n, — 1 
revolutions; or take tJie integral between the limits 

(I = (m — l)27r, and v — m.27t, 

which gives 

247r' 2477" 3 

The area terminated by the (m + I ) th spire is then 
(m + l)- ~- VI' ^^ 

and the difference between the two expressions gives the area 
included between the with and (m + l)th apiros, tlius 

(^ + 1)'- 2,.- + (m-1)- ^ ^ ^^^ ^ ^^ ,j^^ 

If m =: 1 in this expression, we have the area iiiehided 
between the first and second spire equal to 2 tt ; hence, in general, 
the area between the mth and (ra + l)th spires is equal to m 
times that included between the first and second. 

If the area PAC be required, AC being a portion of the second 
Bpire correspon.ding to the arc AD = — ^, we should have, for 
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the whole area generated when the generating point lias artived 
at C, since « = 27r + — ;-, 

* .24Tr' ' 

from which subtracting the area PMA, we have 

or, if we call AP {which has been regarded as unity), E, 
APC = J-(l + ^ + ■^) R'. 
If AC = — circumference =: — , then n' = 4, and 

apc = I(i + 1 + 1)e.. 

For the hyperbolic spiral m = — 1, and the general value 
of s' becomes 



which J8 infinite when v = 0. For the integral between the 
limits v ^ b and v =2 c, we have 
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Id the logarithmic spiral, when M = 1, 



= fl^ = /"Iffr ^ 11 + C; 



or, eatimating from the pole, wliere »■ =; and C = 0, we 



that 19, equal to one-foiirtk the square described u2>on the radiu 
vector of the extreme point of the curve. 



AliEA OF OnEVED SuEFAOES. 

247. I. Of surfaces of revolution. In article (93), we have 
found, for the differential of the area of a surface of revolution, 
<iu = 27ry Vdis' 4- <^y' ; whence, for the jndeflnite.area, we have 



« =/2r:yVdx' + dp' (1), 

the axis of X being the asis of revolution, and Vdx' + dy'' 
the differential of the arc of the generating curve. 

The indefinite area of any particular surface ivill then ho ob- 
tained 6y deducing, as i« Art. (93), the expression for the di^eren- 
lial of the surface, in terms of one variable and its differential, and 
integrating the result. 
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248. Let lie line AC, by its revolution about AE, generate the 
sui'face of a right cono. The origin of 
co-ordinates being at A, the equation of 



'x; whence dy = ad-r, 



u = /2-!Tax(lx Va^ + 1 = Trax'Va^ + 1 + C. 

Estima.tJng the area from the vertex, ivhere sr = 0, we liave 
C = 0, and 



= AB =: A, wo have the area of the cone whose 
altitude is h, and the radius of tho base BO =; b, 



u" = nahWa' + 1; 



: 2jr6- 



tliat is, the circumference of Ihe base into half the side. 



249. From the equation of the circle, wo have 

/^Fi ■, - {'& — x)dx 

y = V2Ea — x\ dy = ^^ — . 

The surface of the sphere is then 
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t = f%TXy\dx^ + ^ )-J:l- r= f%-K^dx, 



M = SttRk + C. 

Taking the area between the limits a: = 0, and j; = 2R, 
we have 

m" = 47rR' = four great circles. 



250. From the equation of the ellipse, we have 
whence, for the area of the ellipsoid of revolution, 

= — j- Va' — 4 / (^^r -; r^ - 

or, placing — ^V" — *■ = C, and -j—— 
« = G'fdx \/W^~^^'. 



But /i^aVll"' — o:'' — area of a circular segment whose 
radius Is E', and abscissa a;, Art, (92). Integrating this between 
the limits ic — 0, and x — CB = c, 
and calling the segment CBFG = D, 






: - area of ellipsoid. 
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If B = 6 in the primitive value of u, we shall have 
V, ~ fi^adx = '2-nax + C, 
for the surface of the circiimscribing sphere. 

Let the area of a paraboloid of revolution he determined. 

251. By the substitution of the value of dx, Art. (237), in the 
general expression for «, we have for the surface generated by the 
revolution of a cycloid about its base, 

K = 'inVTr/ydy{'2r-y)'-\ 

Placing 2r — y ■= z, and integrating as in Art. (159), wc 

n = 27rV27(-4r(2r-y)= +^(2r-y)^^ + C. 

Taking the area between the HiQYts y = 0, and y = 2r, 
we have 



for one-half the surface. The whole is -"j*- Ifte area of the gen- 
erating circle. 



252. 11- Of curved surfaces genn-oUy. In article (150), wo 
have found, for a partial differential of the seeond order of a 
Bur&ce, the expression 



'^^ + (I)' + (I)' «■ 
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If we differentiate tho equation of any surface, first with refer- 
ence to one independent variable, and then witli reference to the 
other, and find expressions for the partial differential coefficients 

-r- and -T-1 in terms of x and v, and substitute in (1), and 
dx dy ^ 

then integrate between proper limits, we sliall obtain an expression 

for a definite portion of the surface. 

For the sphere, we have 



V&' 



</'-o'-{|y 



p 'B. dxdij _ 



■jw 



VE' — !/" = R', and integrating with reference 
to X, we have 
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Taking tlio integral between the liniita 

a: 3= 0, and x = c/ = VR' — y\ 

I /^ \/ Integrating again witli reference to y, 

K— """^ ^^'" , n 

and between the limits y = 0, y = E, 



for one-eiglitli of the surface. The entire surface is tlien 
47rR'. 



CcBATHEE OF VoLUMES, 

253. The cuhature of a volume is any operation bv wliicli the 
of its contents is determined. 



L Of volumes of revolution. For the differential of a volume of 
rftvolntion, we have found, Art. (94), 

dv = ■ni/''dx; whence v = fny'dx. 

For the ciibature of any particular volume, we find, as in Art. 
(94), an expression for ils diffcrentiu), in terms of one variable and 
its differential, and then inteffrate; Ike result of the inlet/ration will 
bt an ^epresmm for an indejimte portion of ike volume. 
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254. Let the rectangle ABCD revolve about AB/and gencratu 
a right cylinder. The origin of co-ordinatea 
being at A, the equation of DC will be 



y = AD -. 



Taking this between the limits x t= 0, and x r^ AB =: h, 
v" = Tzh^h ;= the base into the altitude. 



255. The equation of the ellipse gives 
d of revolution. 



Estimating the volume from the plane through the centre per- 
pendicular to the transverse axis, we have a: = 0, C — 0, and 

Making x = a, we obtain, for one-half the volume, 

and for the wiiole. 
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3 3 ' 

or, equal to two-thirds of the circumscribing cylinder. 

If tlie same ellipse revolves about its conjugate axis, we have 

V = /TTx'dy = /r^~{b' ~ y^)dy, 

which, between the limits y =. — b, and y = b, gives 

v" = -Tra'b = -TO X 2 . 

The latter rolume is called the oblate spheroid, and the former 
the prolate spheroid; and we have the proportion 

4 4 

the prolate : the oblate :: -vrl^u : -Tra'6 :; 6 : a. 

If in either expression a x= h, we have 

-na' = volume of a sphere. 

Let the origin ho bow taken at A, wheu 

and the volume he determined. 

Give also the cubature of a sphere directly, by using the 
equation 
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256. Give also the cubaturea of the following volumes of r< 
lutioii : 

. Tlie right cone, v" ~ base X J of altitude. 

'2, The paraboloid, v" = ^ circumscrihing cylinder. 

3. The volume generated by a given portion of thi 
parabola revolving about tbe tangent at its vertex, 

v" = I cylinder with same base and altJtude. 

4. The volume, the bounding surface of which is generated by 
the curve whose equation is y' = -. 

5. The volume, the bounding surface of which is generated by 
one branch of tbe cycloid revolving about its base. 



257. II. Of volumes bounded by any surfaee. We have found 
in article (151), for the partial differential of a volume limited by 
a surface and the co-ordinate planes, the expression 

(IH = zdxdy (1). 

To obtain an expression for the volume, we have simply to 
deduce from the equation of the bounding surface the value of z 
in terms of x and y, substitute it in (1), and then tate the integral 
between proper limits. The result will bo an expression for a 
definite portion of the volume. To indicate tie process, we place 
equation (1) under the form 

d-r- = zdy. 



Integrating with respect to y, 
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From this, 



. fzdy + X. 



dv = dxfsdij + X.dx. 



Integrating with reference to x, 

V = fdx/zdy -\rf^dx; 
or, Art. (196), 

V = fzdxdy + f^dx + Y. 

The integral fzdy + X ia evidently the area of one of tlie 
parallel sections rfMrf', Art. (239). To 
obtain the whole volume represented in 
1 must first take the inte- 
tho limits y =: 0, and 
this value of y being that 
terras of x from the equation 
Yrf'X, and then the second 
integral between the limits a = 0, 
AX. 
To illustrate, let lis determine the 
id AED-C; the equation of the plane BDC, 




The equation of DC ia 
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AD 


= 1, 


AC = 2. 




-=l 




= f'zd,cl. 


= fd^-^/dy 




-2j;-») 


V -- 




8 


.ting 


with respect 


to y, 








.=/.,? 


y - y' - 


xy 


+ X; 



;, taking the integral between the limits 

y =z 0, and 1/ = bd' = 1 ■ 





1 - X 


'^ T 




V fdx g 




Taki 


ng this between th« 


: limits 




X =. % 


and 


obtain for the volume, 





^■'^—-i^-x-xlX-^-AExADx-AC 



: BAD X -AC. 



258. As the first integral with respect to j/ will often be com- 
plicated, it will be better, if possible, to obtain directly an expression 
for the area of the parallel section as ilAd', in terms of x, multiply 
this by dx, and then integrate between the proper limits x ~ ii, 
and X = AX. Thus, for the elliptioal paraboloid (see Analyt. 
Geometry) whose equation is 
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by maHng first y = 0, acd then z = 
section at a distance x from the plane YZ, 




e have, for any 

= bd, 

= bd\ 

and for the area of the entire section, 
X bd' = : "" " 






Mnltiplying this hy dx, we have 



■\/np 2 yiip 



Taking the integral between tJie limits 
5 = AE = A, we have 



3 Vnp Vnp 2 

The first factor of this k the area of the entire ellipse DBD'; 
heneo, the volume of the paraboloid is equal to half that of the 
g cylinder. 



In like manner, it may be shown that the volume of an ellip 
whose equation ia 

is eqaal to tuio-thirds that of the circamscribiai/ cylinder. 
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PART III. 



CALCULUS OF VARIATIONS. 



FXKST PRINCIPLKS. 

239. A FUNCTION may bo regarded as given, when the form of 
the algebraic expression, which determioea the relation between it 
and the variable or variables, is given, and the constants which 
enter this expression are known. 

In this case, the only change which the function can be made 
to undoi^o, is that which arises from a change in the variables. 
When these variables receive infinitely small increments, the cor- 
responding infinitely small increment or change of the function is 
taken for Ihe differmitial of the function, Art. (88). All our previ- 
ona applications of the Calculus have been made to functions of 
the kind above referred to, and the term difierential can, with 
propriety, be applied to no other change. 

It will at once be seen, that if a function bo not given as above 
described, but merely subjected to certain conditions, it may be made 
to undeigo a change by altering the relation which exists between 
it and the variables ; and this may be done by changing either the 
form of the expression for the function, or the constants which 
enter it, in any way consistent with the given conditions. Now, if 
such a change be made as to give another function consecutive with 
ihe first, the infinitely sraall change which the first nndergoes is 
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riation, and tlie corresponding changes of tie 



iriables 




iJ'SP 



called ila v 
Hre their w 

Tlie difference between iJie terms ilifteiential ■jnd ' \ar iti n 
will be loile more plain bj gcomotucal illustration 

I^t EG be anj curve a lunction ot x Art (90) oi win I M 
iiiul M aie any two consecutna points the co ordm'ites of M 
being V and v Now if tbi. c nstinti 
nhich determine the cur\e be cl an^t-J 
in anv wav "o as to gne a dift lut 
curie i> C I fi. ttly near to BC inA 
so tlut the points M and M ab-tll taki, 
the positions m «tnd m P^ will be tl a 
variation of t ind mS the sanation ot 
y ivhil(, PP IS the differenti il ot J 
ami MQ thi. 1 fttiential of y Art (88) 

The conditions under which the vaiiation is made, may bo such 
that oiie of the vaiiables will have no variation ; and when this is 
the case, the operations to be performed 
will be much simplified. 

Thns, if it be required that the points 
M and M' shall be found in lines paraJIcl 
to the axis of Y at m and m', Mm will 
be the variation of y, while x Las no 
variation ; the diifereutials of x and y 
being PP' and M'Q, as before. 
J denoted by the symbol d, the Greek 
character S is used to denote the variation ; and from the illus- 
trations just given, it appears that while the former symbol denotes 
the changes which take place in passing from one point to another 
iif the same curve, the latter is used for a very different pui-poae, to 
denote the changes in passing from points of one curve to the 
corresponding points of another infinitely near to it. 




I tbe differential i 



260. From the nature of the term as above cs 
that to obtain the variation of any fuuction of a 
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hi e nly to jut f r a: y i x + 6r J {- 6j ic 

Sx A.C be g ot arb in j but tlie nfin telj 1 hi " s 

nil cl tal^e p ace n a; V A.c n consequence of thit changK 
the fun t on wl ich g es ts ar it on anj then take aa n the 
D fferent al Ca! ] s, Art (5'>) those terms of tl e develop ent 
vh ch are ot tl e fi st degrc w tl relerence to the va at o a of tho 
vauables. Or, aiiice tho development may be made precisely as m 
Art. (51), by substituting fo, Sy, &c., tor h, k, &c^ it is plain 
that we shall have 



It is also plain that the principles contained in articles {15) and 
(17), as also tlie particular rules demonstrated in articles {'20) 
(26), arc equally applicable to variations. 



261. In the function 

« =/w (1), 

let us substitute a; + Hx for ir, and denote the new function 
by /'(*) ; then, by the definition. Art, (250), 

5u ^/'{x) ~f{x) (2); 

and since, from the relation expressed in equation (I), * is a 
function of «, the second member of equation (2) will be a function 
of «, and wo may write 

Su = f{u) (3). 

\i, in this equation, wc put for i(, m + (/ii = «', wo sliall 
have 



»{•'), 
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and, subtracting equation (3), 

Su' — ^a = (p(m') — '?{") = dip [it) = dSu, 
Taking tho variation of tho expression 

we have 

Sii' — Su := Sdu ] 
hence 

Sdu =: dSu (4). 

That is, the variaCton of the differential of a function of a single 
variable is equal to Ike differential of its variation. Or, when both 
of the symbols d and S aro prefixed to a function, the order in 
which they are written, or in which tho operations indicated are 
performed, can be changed at pleasure without affecting the resuU. 

The principle above enunciated is true for any order of the 
differential ; for if, in equation (4), we put du for «, we have 

Sdf^du) ^ d6du, or Sd'u ^^ ddSu = rf'Ju, 

If, in the last equation, we put du for w, we have 

5rf'(rf«) =: d'Sdu, or Sd'u = d'Su, 

and so on ; hence we may conclude that 

Sd'u =^ d"St(, 

262. Let V be any differential of a function of x, and place 
fv = v', then dv' = v, 

Sdv' = &v, or dW = Sv, 
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and Ijj integration, 

Sv' = fi", or i/i' = fSv. 

The principles demonstrated in this and the preceding article, 
are evidently true for functions of any mimher of variables; since 
the variation of the differuntial of such a function is bat the sum 
of the partial variations, and the converse. 

263. In order to consider the subject of variations in its most 
general sense, when applied to differential expressions, we must 
regard the differentials of all the variables as vaiiabla, as well as 
the variables themselves. In this sense, if « be a function con- 
taining a-, y, and their successive differentials, we shall have, 
Art. (260), 

Su = M'Ja -I- WSdx + W'Sd^x + &c. ) 

■■■(1), 
+ NSt/ + N'Wy + N"Wy + &c. ) 

in which M, M', M", &c., are the partial differential coefficients 
of u taken with respect to x, dx, d'x, &q, ; and N, S', W, &c^ 
the corresponding ones taken with, respect to y, rfy, d'l/, &c. 
This expression may be extended to any number of variables, by 
adding for each, an expression of the form 

USx + WSdx + WSd'x + &c.; 

and may then be made to give every particular case which can 
arise, by making the particular suppositions upon dx, d'x, dy, 
d^y, &c., which the case requires. 

264. If the differential expression contains only the variables 3-, 
y, -J- = p, -yr — ?' '^^■' ^'"' "'^y denote it by v, and shall 
have, as in Art. (260), 



:yG00g[c 



$34 CALCULUS OF VAEIATIONS, 

Sv = U.Sx -^ My + W5p + W5q -h &c (2). 

And if this expression be taken in its most general sense, dx 
must be regarded as vaiiable ; in which ease, we put for ujj, hq, 
&e., their values obtained aa iu Art. (26), viz. : 

J. ^dy dxSdy — dySdx dSy — pdSx 

dx dx'' dx ' 

, ^dp dxSdp — dpSdx dSp —■ gdSx 

'» = 'S = 3? = 7, ■ 

If dx be regarded as constant, e<]nation (2) is nnder its most 
simple form. 

265, If Tve indicate the integration of both members of equation 
(1), Art, (263), we have 

f5u = f(USx + M'W.r 1- W'Sd'x H- &c.) ) 

L...{I). 
+ /{my + N'Wy + N"6d^y + &c.) ) 

By the application of the rule for integrating by parts, we find 

fWSdx = fU'dSx = WSx - fdWSx ; 

fWSd-'x = fW'd'Hx = W'dSx - fdWdSx 

= WdSx - dW'Sx + /dm"Sx; 

/W'Sd'x = /M"'d^5x = W''d'dx - fdWdHx 

= WdHx ~ dW'dSx + fd'W'dSx 

- W'd'Sx - dW'dSx + d'W'Sx ~ fdnV'Sx. 
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/N'% = N% - fdWSy; 

fii"'Sd=y = W'd'Sy - <lN"'dSy + d'W'^y ~ fd^W"&y. 

Observing that the second member of equation (1) is equal to 
the sum of the integrals of the terms taken separately, and substi- 
tuting the above values, we obtain 

/5u^ (M'-<iM"+(i'M"'-&c.)5» + {W-dW"-\-ht.)dSx 

+ (M"'"&c )dHx + &,&. 

+ (N'-rfN""+<f"N"'-&c.)(!y + [W~dW"-\-k<^)dSy 

+ (N"'-&c )d''Sy + &c. 

-\- /QA.~dW-\-d^W~d^W"+&a.)8x ) 

(2). 

+ f{^-dW-^d'W'-d'W"+&z.)&y ) 

By examining the above expression, it will be seen that there 
is no term under the sign / which contains the symbols d and S 
applied the one to the other; and also that the part^ containing 
Sx arc exactly similar to those containing Sy. The formula may 
therefore bo extended to any number of variables, by adding, for 
each new variable, similar patts containing its variation. 

266. It should be remarhod, that if the multipliers of Sx and 
Sy following the sign /, in equation (2) of the preceding article, 
are both equal to zero, fSu will be complete, or 5u will be the 
differential of some function. But in the expression 

/J« = ifu, 
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it is evident that if y« contain any terms ivLich caiinot be freed 
from the sign f, Sfu must contain tbe variations of tliese terms 
stili under the sign, and fSu cannot be complete. Hence, if 5u 
is a differential, u itself mnst be so. And conversely ; for if fu 
ia entirely freed from t!ie eign /, then 5fu cannot contain this 
sign, and its eqnal fSu must be complete, or &u be a differential. 
Hence, if the conditions 

M ~ t^M' + rf'M" - &c. = 0, 

N _ dN' + d^W - &c. ^ 0, 

are satisfied, w wiil be the differential of some function, which may 
be obtained by integration. If the above conditions are not satis- 
fied, M cannot be an esact differential, and fu cannot be obtained. 



267. If we take the variation of the expression fvdx, in which 
V, as in Art (264-), is a function of x, y, -p, g, &c., we have, Arts. 
(21} and (155), 

ifvds = /5 {vdx) = fvSdx + fdxSv. 

But, Art. (169), 

fvSdx = fvAhx ^ vZx — fdvSx; 
hence 

d/vdx ^ vSx + fi^dx&v — dv&x") (I). 

Substituting in tjhat part of the second member which follows 
tlie sign y, the values of dv and &v, Arts. (52) and (264), 

dv = Udx + Nt^y + Wdp -j- N'V? + &c,, 

Sv = MSx + NSy + WSp + WSq + &e. 
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dxSv — dvSx = N (dxSi/ — d^Sx) 4* ^'{dxSp — dpSx) 

+ W{dii:Sq — dqSx) + &a (2). 

Since dy = pdx, we have 

daSff — di/5x = dx(Sy — pSic) =: oidx, 
by mating Sy — pSx == to. 

Also, if for 5/1, we put its vaJue, Art. (261), we have 
dxSp — dpSx ^= d&y — pil5x — dp5x = d{5y — pSx) = du. 

If, in. this last expression, wc put p for y, and q for p, and 

recollect that o = -4-, we have 
dw 

d,S, - d,!. = d(ip - ,Sx) = j(^*__*^j = jgj. 

Substituting these values in equation (2), and prefixing the sign 
/, we have 

/{dxSv-dvSx) = fH'^dx + fU'dv +/N"'^(^) +ifee...(3). 

Again, by Art. (169), 

fS'du = N'u -J'^^dx, 

"" dx ax J ax 

^ jj„^ _ ^"^ , /• ^ d('^^")^dx 
dx dx J dx \ dx J 
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Now, Knbstitiitiiig these expressions in (3), ani! the result in (1), 
we obtain 

Sfvdx = v5x + (N' - ^^ + &c.)u + (N" - &c.)^ + &c. 

+ /(N^'«'' ■ '■■"'■' 

If WO BOW put for u, its value S>/ — pdx, the part affected with 
tlie sign y will become 

/(N -^ + &a.)dxSy ~ /(-^ -^ + &c.)pdxSx. 

From which, we see that, in this case, the coofflcients of oy and 
Sx Jiavc sucli a relation that if one becomes equal to zero the 
other will. 



Maxima and Mikima of Indktkkhiinatic Intkgrals. 

'268. The principal, and far the most important application of 
variations, is to the determination of the maxima and minima of 
indeterminate integrals, that is, of integral expressions of the form 

f-^dx' + dy'', f'rTy''dx, &c, 

containing x, y, ha., and their differentials, in which the relation 
between tie variables is entirely unknown. Tims, if it be required 
to determine the relation between x and y, in order that fmj^dx 
taken under certain conditions, shall be & maximum or minimum, 
the problem is one not capable of solution by the ordinary method 
of ai-tdcle (89), since the principles there developed require tlio 
form of the function to which they are to be applied, and the con- 
stants which enter it, to be given, and the search is for particnlar 
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values of the variables, which will make one or more values of the 
function a maximum or minimum; whereas the object now pro- 
posed, is to ascertain what this form and these constants must be, 
in order tliat the function, when subjected to the given conditions, 
shall be a maximum or minimum, the variables being entirely 
indetcrminate. Questions of this kind are readily solved by the 
aid of variations. 



269. Let M be a funetion of the nature discussed m Art. (263), 
and suppose a;, dx^ y, rfy, &c., to be increased by their variations; 
and let the difference between the corresponding function ii' and 
u be developed, which is done at once by putting Sx, hj, Sdx, &c., 
for k, k, If &c., in the devolopment of Ait. (ol); we shall thus 
obtain 

u' - a = MSx -i- Mj/ + WSdx + N'Srfy + &c., 

plus a term of the second degree with respect to Sx, Sy, &c. ; plus 
other terras. 

By the same course of reasoning as that contained in Art. (77), 
we see that u can he neither greater nor less than a', for all values 
of OiC 5y ^ T n less the term ot the fi t degree w th retere cp 
to these vir at ons, s equal to zero B t this ter V t ( 63) ^ 
the vat at on of He ce ti ord r I at a he a naa. n u or 

m tm m 5 n the equal to ze o 

If the coni t ons wh h make the anat on of w equal to zero 
make the ter of the sec nd degiee n tl e above dtveiop nt, 
postie for ill lues <A 6x by &.L u 11 be t m n u in t 
negative w 11 be a max mun The d s s on of the va ouj. 
c rcumstances m wh eh tl s te n w 11 1 ot d ■» ^e ts s g s of too 
compl cated i at re a d 1 kcl) to lead too tar f r an el m nta j 
treat se N tl r a t neoe aa } gen ral is e shall b abl 
1 om t! e atu ot a Jy e t sc to d t n ne tl o t a 
ret r t th so o 1 t 1 ether e ha ana u n 
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270, In the application of the foregoing principlea te the inde- 
terminate integrals referred to in A t ( 08) t maj at first be 
roraarked, that if the integral he idejin i \rt (160), from its 
nature it can have no maximum nor m n mam The application 
can then only bo made to definite i itegr Is or those which are 
taken between some well-defined 1 n ts 

If, then, it be required that /w be a n i imu n or minimum, 
we may write the variation of f-a Art. (265) th s ; 

<5/m = fSu = mSx + n5>j + m'&dx + n'My + Ac, 

+ f{Ux + k'hj) (1); 

and this, when taken between the prescribed limits, must be equal 
to zero. 

We have seen, Art. (266), that this expression cannot be inte- 
grated unless the quantity which follows the sign /, in the second 
member, is equal t« zero ; that is, there can be no integral to be 
taten between limits, and of course no maximum nor minimum. 
We must then have, for the first condition, 

Ux 4- k'Sy = (2). 

If, in the particular case under discussion, the variations of x 
and y are entirely independent of each other, we must also, have 

A = 0, and A' = ; 

or, Art. (265), 

M - dM' -f d'M" - &c. = 

N" - rfN' -h d'W ~ &a. = 

Again, if we denote by I and I' the results obtained by substi- 
tuting the limits in succession in the remaining part of equation 
(1), ive raust have, for a second condition, 
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Should ttere be in^ro than two lanables in the function v, the 
quantity follonin^ the sign /, in eqiition (1), will tonsi't of as 
minv terms ss theie are variable? each of which, if the variatif ns 
ire independent of each other must be placed e jual to zero, and 
will thus give an equation expics^ing i lelation between the'-e 
T. imbles and then differentials 

It, however, the conditions unler which the sanations are mili, 
are such as to render these \ati^tions in any way dependent, wt 
shall be able, by means of the equations which express thf-e 
conditions, to ehminato trom equition (1) one or more oi tht.se 
vaiiation'!, then, by placing the coeflicients (f those which lemain 
undci the sign /, equ'il to zero, we &hall have a systi ni of 
equations from whieh we m-iy dttermme the nature ind extent 
of the lequired funi.tion The system oi equations (3) will, m 
cviry ease, express the relation whn,h must e\ist bet'ivei.n the 
enables and their diflerciitials, in order thit the tunction sL ill be 
a mi\imum or minimum , but they must be subjected to the 
cordition'i deduced from the equation 

1-1=0, 

which ean, of coune, contdin no yariabJes except those which 
belong eiclusively to the limits 

"Where u is under the form vli, it has been seen, Art (2b7), 
that the two equations (3) will both be satisfied, if one is. They 
will therefore give but one independent equation, viz, ; 

and the condition 



must be deduced by substituting the limits in that part of equi 
tion (4), Art. (267), which is independent of the sigu / 

The solution and discussion of the following problems will serv 
to illustrate and more fully develop the preceding principles. 
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271. Problem 1.— Eeqiiired the nature of the .shortest line 
yining two given points in a plane. 

Let x', y\ and x", y", bo tlie co-ordinates of the points. The 
g Licral expression for the length of tlie lino, Art, (234), is 

Taking the variation of this, ive have 

p/dxhdx d>jUy\ 

^■^'^ = J \~dr ^ -ir)^ 

which, npon comparison with equation (l), Art. (263)i gives 

M = 0, N = 0, M' = J, W = ^, 

' ' rfs dz 

and all the other terms equal to zero. In this case, since ix and 
hj are independent of each otlier, we use equations (3) of the 
preceding article, and have 

d-^ = 0, and d^ ~ 0; 

whence, by integration, 

(h _ ^ _„ ' 

Eliminating dz, and integrating again, wo have 

di/ = —dx = adx, y izz ax + &....(1), 

wiiieh gives the recinired relation between y and x, and indicates 
that thu line. most be straight. 
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The first part of equation (2), Art, (205), becomes 

WSx + Wdi/. 

Since, in this case, the limits x', y', and x", y", are absolutely 
fixed, Tve mast have 5x', Sy', &c., equal to zero, which, being sub- 
stituted in the above expression, give 

WSx' + N'5/ = 0, WSx" + N'Jy" = 0; 

whence results the fulfilment of the second condition, 

I' - [ ^ 0, 

and it remains only to determine the constants a and J, in equa- 
tion (1), on condition that the line shall pass through the two 
given points. 

272. Problem 2. — Efquired the shortest line that can be (Jrawn 
from one given curve to another, in the same plane. 

Let y = fl^% and y = /'(^), 

be the equations of the curves ; their differential equations being 

dy = p'dx, dy = p"dx (1). 

As in the preceding problem, we have 

from which is deduced, precisely as before, the equation of the 
required line, 

J = « + » m- 
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Biit since the ends of this line must he in tlie given curves, the 
variations of a and y, at the hniits, must be t'onfined to these 
curves, that is, Sy', hx', 5y", Sx" must be the same as dy and dx 
in eqtiations (1) ; whence 



Substituting these, in sncceaaion, in the first part of cc[U3tioii (2), 
Art. (365), and subtracting the resulte, we must have 

and since this contains two independent variations, it can only be 
satisfied by ma^ng the coefiicients separately equal to zero; hence 



dx' + dy'p' = 


= 0, 


dx" + 


whence 






*■ _ 


1 


d," 



dx' p'^ dx" p"' 

But these are the equations of condition that the required line 
shall be normal to bith curves at the points {k' y') (r" <j") 
respectively, A t (8-1) 

In order to dete a e the co stmts a aui b n ej^ at n (2) 
we must first fi d the alu s of a" « ^ y on con ! t on that 
the norma] to tl e first curve at the po t (x y) sb'tjl also bo 
normal to the se o 1 at the \>i nt (i y ) and thou a se the 
line to pass through these j o nt 

This problem 1 the prec dg vl be si Hjpl g 

2 = fVd^~+liy*' = J'(l + j-rX'^x = f^'^^> 

in which v is a function of — = p. In this case, we should use 
equationa (4), Arts. (267) and (270). 
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273. Problem 3. — Required the shortest line, on the surface of 
a sphere, joining two given points of the surface. 
Let the ec[uation of the sphere ho 



The general expression for the length of a line joining the two 
points will be, Art. (91), 



s = f^/dx^ + dy'^ + d?.'', 
the variation of which is 

whence, by adding an expression containing & to the second 
member of equation (2), Art.- (263), and comparing, we find 

M = 0, N = 0, P = 0, 



M' = . 
rfs 



<f.l^ Mr _ ^y 



and all the other terms equal to 0. The first condition required 
in Art. (2'70), isthen 

<I)^' + <I)'' + <I)'' = »--P)- 



In this case the variations are not independent, but must be 
confined to the surface of the sphere ; that is, taking the variation 
of equation (l), we must have 

%xU + 1y^ + Iz&z = 0. 
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3(i0 CAT-CHLUS 01' VARIATIONS. 

Combining; this with equation (2), and eliminating Sz, we obtain 

\. (Is d d>i) ^ \ di z ih) " ' 

which, containing two independent variations, gives 

, d.v , dz , d'u , dz 

zd — ~ 3rd-- = 0, zd^ ~ yd— = 0. 
ds da ds ds 

Now, if we regard ds as constant, these equations become 

(i'x d'^ d'y d'z 

from which we deduce 

ds ds 

Integrating the last three oqnations, we have 
dx dz dy ^^ _^ J '■^y ^^ _ 



MuUipljlng the first by y, the second by — r, the third by z, 
and adding, we obtain 

uy — hx -\- ca = (3), 

which is the equation of a plane passing through the centre of the 
sphere. The required curve must lie in this plane, and therefore 
is the arc of a great circle. 

The limits in this case, as in problem 1, being absolutely fixc<!, 
we have at onee, as in that problem, the fulfilment of the second 



)ndition. 



I' ~ I : 
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CALCULUS OF VAEIATIONS. 

Equation (3) may lie put under the form 



and tie constants c' and d' determined, by causing the plane to 
pass throagh the given points. 



274. In many caaes where there are conditions confining the 
variations, whether at the limiti (i not, the luethod of reiJuciiig 
the number of independent laiiations, e^planiLd in Art. (270), and 
ptii'sued in Arts. (2l2, 273), will be lound ot lery difficult appli- 
cation. In all these caif!, the following less direct, but very ele- 
gant method may be usod. Let 

r =: 0, s = 0, &C., 

be the eqitations between x, y, &,c., expressing the conditions to 
which the variatiota are subject ; then, at the same time tiat we 



S/u = 0, 



dr = 0, Ss = 0, &c.; 

or, denoting by c, c', &c., arbitrary constants, we must have the 
equation 

a/u + c5r + c'Ss + &c. = (1), 

for all values of the variations of x, y, &c. Placing the coefS- 
oienfs of these variations separately equal to zero, we obtain equa- 
tions from which we can eliminate the constants i', c, ifee., and 
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i- VAKIATIONS. 

thus deduce an equation or equations which will express tlie proper 
relation between x, y, Ac. As an illustration, let us tate 

Problem 4.— Eequired the nature of the line, of a given length, 
joining two points, whio'n, with th.e ordinates of the points and 
a\is of X, will inclose the greatest area. In this case we have, 
Art (239), 

S/u = S/ydx; 

and since the length of the arc between the limits is to be constant, 
the variations must be subject to the condition 

fdz = fVdx' + dy' = a; 



Equation (1) will then become 



Sfydx + cS/Vdx' + dy' == 0; 
or, putting for the variations their values, we Lave 
cdxSdx + edySdy \ 



j ( yldx 4- dx^ + - 



g this with equation (l), Art. (263), we see that 

M = 0, W =y \ c%, N = d^, W = c^; 
' ■' dz' dz 

and these, being substituted in equations (3), of Art. (27o), give 

-4, + o|)=0, ^-<|)=0, 
and by integrating, 
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CALCITLES OF VAEIATIONS. 
dx „ dy 

Eliminaticg e from tliese two equations, we oljtain 



which is evidently the differential equation of a circle whose equa- 
tion is, Art (98), 

(y - liy + (^ - ^r = E', 

ft a, and R being arbitrary constants, which must be determined 
on condition that the circle pass through the two given points, 
and that the included arc be of the given length. 
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